Dr. Sorair Muii Jowad Ayt Lee. Loitiv Haider

Lecture 1 :Determinants and solution of linear equation by
Gramer’s rule

Introduction

A linear equation is an equation that represents a mathematical relationship
between one or more variables, where the highest power of the variable is one. It is
called "linear" because its graph is a straight line.

General Form of a Linear Equation

For one variable: ax +b =0
Example: 2x + 6 =0

For two variables: ax + by = ¢
Example: 3x + 2y =6

Methods of Solving

1. For one variable:
Example: 2x +6=0— x=-3

2. For two variables:
Example:

2x+y=>5

x-y=1

Solution: (x, y) = (2, 1)

2- Determinant is a numerical value that can be calculated from a square matrix. It
plays a key role in solving systems of linear equations, finding matrix inverses,
computing areas and volumes, and analyzing linear transformations.

*Definition

For a square matrix A of order nxn, the determinant is denoted by |A| or det(A).
The determinant provides information about whether the matrix is invertible and its
scaling factor.

* Determinant of a 2x2 Matrix

If A= [Z 2] then |A| = ad - be



Dr. Sorair Muii Jowad Ayt Lee. Loitiv Haider
Example 1:

A= i i - A = (3x4) - 2x1) = 10.

Example 2:

A= _21 % - A]=(2%2) - (-1x1) =5,

Example 3:

a=[f 2 — A= (D) - @x]) =

* Determinant of a 3x3 Matrix a @ h
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In this method, the following must be taken into consideration :
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When selecting the element for which the auxiliary determinant is to be
found, the necessary symbol must be placed in the partition, as follows:

+ - +
— _l_ —
+ - +
Example 1: find the determinant for the followig matrix :
2 0 5
A=[1 -1 2 @05
3 4 0 L -1 2
3 4 0

fIA] = 2((-1x0)-(4x2)) - 1((0x0)-(4%5)) + 3((0x2)-(-1x5))

A]=-16+20+15=19

2
E}—IZ
—4—0

2 0 5
D -1-2
340

0 5

Example 2: find the determinant for the following matrix :

1 2 3
4 5 6
7 8 9

[A[= 1((5%9)- (6x8)) — 2((4x9) —(6x7)) + 3((4x8)-(5%7))
— 34129
=0

A=

Example 3: find the determinant for the following matrix :

3 -2 1
A=1I0 4 -3
2 5 6

A= 3(4%6 - (-3)X5) - (-2)(0%6 - (-3)x2) + 1(0X5 - 4x2)
=324+ 15) +2(0 + 6) + 1(0 - 8)
=339)+12-8=117+12-8=121
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Example 3: find the determinant for the following matrix :

2 01
A=|-1 3 4
0 5 2

|A| = 2(3%2 -4x5) -0 (-1x2 - 4x0) + 1(-1x5 - 3x0)
=2(6-20)-0(-2)+1(-5)=2(-14)+0-5
=-28-5=-33

|A| =-33

* Properties of Determinants

1. If two rows (or columns) are equal — determinant = 0.

2. Swapping two rows (or columns) changes the sign of the determinant.

3. Multiplying a row by k multiplies the determinant by k.

4. The determinant of a triangular matrix equals the product of its diagonal

elements.
5.det(A™") =1/det(A).
6. If det(A) = 0, the matrix is singular (not invertible).

2- Solution of linear equation by (Gramer’s rule)

The value of each unknown is the result of dividing two determinants, one in the
numerator and the other in the denominator. The determinant written in the
denominator is the same as the determinant of the denominator, after changing the
factors of the unknown whose value is to be found in the same order.

Examplel : solve the linear equation by using Gramer rule

3x —2y =8
—5x +4y =-3
Sol:
3 =2
I- |—5 4 |

D =3%4 H((-5)*(-2)) =2
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2- DX=|_83 _42|
Dy = 8%4 — (-2*-3) = 26
X=%= ?= 13
3-D, = |_35 _83|

Dy=3*(-3) — ((-5)* 8) = 31

_Dy_ 31 _
y=—2=+= 15.5
x=13 , y= 15.5
Example2 : solve the linear equation by using Gramer rule
2x +3y =8
x-y=1
2 3
o= [; 7
1 -1

D=@)(-1)-3)1)=-5

Dx: Replace the x-column with constants [8, 1]
18 3

Dx - |1 _1|

Dy =(8)(-1) - 3)(1) =-11

Dy: Replace the y-column with constants [8, 1]

=] Y

Dy = (2)(1) - (8)(1) =-6
x=X===22
y=2=2=12

x=22, y=12
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Example3 : solve the linear equation by using Gramer rule
3x-2y=7
x+4y=10
3 =2
o= 7|
1 4
D=3)4)-(-2)(1)=12+2=14
7 =2
ox=| 5 |
Tl 4
Dx =(7)4) - (-2)(10) =28 + 20 =48

13 7
by=14 10|
Dy = (3)(10) - (7)(1) =30 - 7 =23

x=-%= = =343
D 14

Dy _ 23 _
y=o = 14—1.64

x=343,y=1.64
Example 4 : solve the linear equation by using Gramer rule

Sx+2y=12

3x -4y =-6
5 2

o= 3 24
3 —4

D= (5)(-4) - (2)(3)=-20 - 6 =-26

Dx = i26 _24|—>Dx=(12)(—4)-(2)(—6)2-48+122—36
Dy = g i26|_> Dy = (5)(-6) - (12)(3) = -30 - 36 = -66

6
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D —-36
x= 2= — =1.38
D -26
_ Dy _ 66 _
y= >~ 76 2.54

Example 4 : solve the linear equation by using Gramer rule
X+y+2z=6
2x+y+z=4

x+2y+3z=8

D=1%((1*3) - (1*2)) - 1* ((2*3) -(1*1)) + 2 *((2*2) - (1*1) )
=1-5+6=2

6 1 2
Di=14 1 1
8 2 3
D« =6*((1*3)-(1*2))— 1* ((4*3) —(1*8) + 2* ((4*2) — (1*8))
— 64 +0+2
x=2=2-1
D
1 6 2
D,=[2 4 1
1 8 3

Dy=1%((4*3)—(1*8)) - 6™ ((2*3)-(1*1) ) + 2* ((2*8) — (4*1))
= 4-30+24=22
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y:;: 7:—1
1 1 6
D,=(2 1 4
1 2 8
Dz=1*((1*8)—(2*4))—1* ((2*8) — (4*1) )+ 6 * ((2*2) —(1*1))
=0-12 +18
= 6
7-2=2=3
D 2
x=1 , y=-1 , Z=3

Example 5 : solve the linear equation by using Gramer rule

xty+z=6
2x-y+z=3
x+2y-z=4
1 1 1
I-D=12 -1 1
1 2 -1
D=1 % ((-1%1) = (1 %2)) = 1 *((2%-1)- (1¥1)) + | *(2%2) - (-1¥1))
= -1+3+5 =7
6 1 1
2-Dy=(3 -1 1
4 2 -1
D=6 * ((-1%-1) = (1%2)) — I*(( 3%-1) — (1*4)) + 1 * ((3%2) «(-1*4))
=-6+7+10=11

x=2=1-157
7
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1 6 1
3-Dy=2 3 1
1 4 -1
Dy = 1% ((3*-1) «(1*4)) =6 *(2* -1) —~ (I*1)) + 1* (2*4) - (1*3))
=_7+18+5=16
D
y=2= =229
1 1 6
4- D,=|12 -1 3
1 2 4

D, = 1 #((-1*4) <(3*2)) ~ 1 %(2*4) ~(3 *1) + 6%((2%2) ~ (-1 *1)
=-10-5+30 =15

2o o4
D 7

x=157,y=229 , z=2.14

Z

Example 6 : solve the linear equation by using Gramer rule

Xx+t2y+3z=14
2x-y+z=3
3x+y+2z=10
1 2 3
I-D=12 -1 1
3 1 2

D= 1(-1x2 - 1x1) - 2(2x2 - 1x3) + 3(2x1 - (-1)x3)
= 1(-3)-2(1)+3(5)=-3-2+15=10

14 2 3
2-Dx=13 -1 1
10 1 2

D =14 *((-1 *2) «( 1*1)) =2 *((3*2) -(1* 10)) +3 * ((3* 1) — (-1 *10))
= (14 * -3) —( 2* -4) + (3*13)
—_42+8+39 =5
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1 14 3
Dy=[2 3 1
3 10 2
Dy=1*(3*2)—-(1*10)) — 14 *((2*2) —(1*3) ) + 3* ((2*10 )- (3*3))
— 4 214433 =15
_Dby _ 15 _
Y= = T 1.5
1 2 14
3-D,=12 -1 3
3 1 10
D, =1*((-1*10)-(3*1)) — 2* ((2*10)-(3*3) ) + 14 * (2*1) — (-1*3) )
=-13 -22+70= 35
z=2=2_-35
D 10

x=0.5 ,y=15 , z=35
Home Work

1- solve the linear equation by using Gramer rule

x+2y+3z=35
2x+ty+2z=7
2x+2y+z=2

2- solve the linear equation by using Gramer rule

2x+3y+z=12
4x+6y-z=9
x+2y-3z=-3

10
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3- solve the linear equation by using Gramer rule
2x +3y =8
x-4y= -2

4- solve the linear equation by using Gramer rule

9x-3y=9
3x+y=3

11
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Lecturer 3: Trigonometric functions and some applications

Trigonometric functions

There are six basic trigonometric functions used in Trigonometry. These
functions are trigonometric ratios. The six basic trigonometric functions
are sine  function, cosine  function, secant  function,  co-secant
function, tangent function, and co-tangent function. The trigonometric
functions and identities are the ratio of sides of a right-angled triangle. The
sides of a right triangle are the perpendicular side, hypotenuse, and base,
which are used to calculate the sine, cosine, tangent, secant, cosecant, and
cotangent values using trigonometric formulas.

A right triangle is a triangle with a right angle (90°)

opposite

a
adjacent

For every angle @ in the triangle, there is the side of the triangle adjacent to
it, the side opposite of it and the hypotenuse such that a2 + b2 = c2.

For angle 6, the trigonometric functions are defined as follows:

opp b adi a
Sing:h_yp=7 0059=%=?
tan9=Sin9=%—£ (:otezcoseza—dj:i

cosf adj a sinf opp b
secl = ! :@zi _ 1 _@_i

cosf adj  a CSCQ_Sing_ODD b

15


https://www.cuemath.com/trigonometry/sine-function/
https://www.cuemath.com/trigonometry/cosine-function/
https://www.cuemath.com/trigonometry/tangent-function/
https://www.cuemath.com/cotangent-formula/
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Trigonometric Functions Values
The trigonometric functions have a domain 8, which is in degrees or radians.
Some of the principal values of 8 for the different trigonometric functions are

presented below in a table.

degrees 0 30 45 60 90 180 270 360
7] T T T 3n
radians | 0 3 7 3 > n — 21
. 1 1
sin 8 0 - NG ? 1 0 -1 0
cosb@ V3 1 i _
1 — Vi 5 0 1 0 1
1 _
tan 68 0 5 1 V3 00 0 00 0
_ 2
csc o0 2 V2 Vi 1 00 -1 o0
2 _
sec 0 1 73 V2 2 00 -1 00 1
_ 1
cotd . V3 1 Vi 0 . 0 .

Trigonometric functions of negative angles
sin(—0) = —sinf , cos(—0) =cosf and tan(—60) =—tand
Some useful relationships among trigonometric functions

1. sin?2x +cos?2x =1, sec2x —tan?x =1, csci2x —cot?x =1

2.sin2x = 2sinxcosx, CcoS 2x = cos2x — sin?x = 1 — 2sin?x = 2cos?x — 1
. 5 1 — cos2x ) 1+ cos2x
3.smx=f, cosx=T

16
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Graphs of Trigonometric Functions

Aut Lee: Laitiv Haider

y
A y=lanx

wi¥

» X

R

_1,/{2_,0

Domain: —= < x < =
Range: -l=y=1
Period: 2w

Domain: - < x < >
Range: -l=y=1
Period: 2=

-

3 y
N y=secx .

W U

» X 1 1 1 <
w-n_ x0| & = & 70| = & 3w2m
& M\
Domain:.l'#izz.t%'.... Domain: x # 0, +a, +2m.. ..
P Range: y=-landy=1
soge: y=-lady=1 Period: 27
Period: 2=« ’

Derivatives of trigonometric functions

N80

OT/T éF
Domain: x #+ %+ 3

i Tk
Range: -w<y<w

Period: =

Domain: x # 0, =7, *27,...
Range: -w<y<w
Period: =«

If u is a function x, the chain rule version of this differentiation rule is

d

1 (sinw) = du
P sinu) = cosu.dx
d du
2.dx (cosu) = —sinu.—
dx
du
3_i(tan u) = secu. ___
dx dx
du
4.1;;((:0)( u) = —cscu. ___
dx
d
" (secu) = secutanu.d_u
dx dx
d du
6.7 (€Scu) = —cscucotu.—
dx

17
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Example 1: Find derivatives of the functions

d
1. y = sinx = y = (sinx)? = _y = 2sinx cosx = sin 2x

dx
dy .
2. y=cos(x?) = _~ =-2xsin(x?)
dx
i dy e 1 sectVx
3.y=tanVvx = S_=seciWxX ~—~ —
Y dx 2Vx  2Vx
d
4, y=x?sec3x = _y = 3x2sec 3x tan 3x + 2x sec 3x
dx

= (xsec3x)(2 + 3xtan 3x)

dy 1
5.y=+vsim2x = y=(sin2x)/2= = (sin2x)~1/2 x cos 2x X 2

dx 2
CoS 2x
Vsin 2x
d
Example 2: If y =tan2t and x = sec2t show that d_y = csc2t
X
dy dx
_~ =2sec?2t , __=2sec2ttan2t
dt dt
1
d_y:d_y><£=25ec22tx _ sec2t
dx dt dx 2sec2ttan2t tan?2t
1
_ cos2t _ I —cscat
sin 2t sin 2t
cos 2t

s dy
Example3:Ify =0 —cos6 andx =0 + cos0; (0 <6 < E) show that T

= (sec@ + tan 6)?

Yo 4sing and F—1_sing
de_ Sin an dQ_ Sin

dy dy df 1+sinf

dx do dx 1—sing
dy 1+4+sinf 1+sinf 1+ 2sinf+sin260 1+ 2sinf + sin26
azl—sin9xl+sin0: 1 —sin2 6 - cos? 6
dy 1 2sinf@ sinZ 6

- = + + = 2 2 = 2
dx Cos20 @ cos?0 ' cosZO sec20 + 2secHtanf + tanz2 0 = (secH + tan9)

18
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Inverse trigonometric functions
The inverse trigonometric functions are defined to be the inverses of

Aut Lee: Laitiv Haider

particular parts of the trigonometric functions; parts that do have inverses.

The inverse sine function, denoted by sin—! x (some books use the

notation arcsin(x)), is defined to be the inverse of the restricted sine

function. A similar idea holds for all the other inverse trigonometric

functions. It is important here to note that in this case the “ —

exponent and so,

In inverse trigonometric functions the

1

sin~lx #

sin x

1” is not an

“— 1" looks like an exponent but it

isn’t, it is simply a notation that we use to denote the fact that we’re dealing

with an inverse trigonometric function. It is a notation that we use in this

case to denote inverse trigonometric functions.

exponentiation to denote 1 over sine, we would use the following:

Domain: -1 =x=1
Range: - T =y=T
& =g
)v
A
o .
2 o
y=sm Xx
] | Y
| 7
ST [
2

Domain: x=-lorx=1

Range: 0=y=my+ X

2

_ 1
(sinx)™1 =
sin x
Domain: -1 =x=1
Range O=y=w

-1 T
\ y= coslx

’%‘H
¥
-

19

If we had really wanted

Domain: —co < x < o

. _T o
Range: ) <y< 3
y
A
_______ s
: y=tan"x
| | | |
2 R
i
_______ 2l

Domain: —co < x < oo

Range:

O<y<mw
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Derivatives of inverse trigonometric functions

Let u be a function x, the derivatives of inverse trigonometric functions are:

d . 1 du d -1  du
l.—(intu)=_____ 2.—(cos'uw)=____
dx V1 —u2 dx dx V1 —u2 dx
1 -1
3L (=M £ Loty = M
dx 14+u? dx dx 14+ u? dx
1 -1
S_i (sectu) = .du 6_1 (csctu) = —d_u
dx |u|\/u2 -1 dx dx |u|\/u2 -1 dx
Example 4: Find the derivative for
1. . dy 2
y=51n—12x = _=_ @000 @ @0X2=—
dx 1 — (2x)2 V1 — 4x2
2.y =3xcos13x—V1—9x2
—18x
ngxx—x3+3cos—13x——
dx V1 — (3x)? 2V1 — 9x2
-9 9x
:—x+ 3cos'3x+ __— — 3cos-13x
V1 —9x2 V1 —9x2
3.y = 2+/x tan—1vx
1 1 1 1 /¥
ﬂ=2\/fx—_2_>(—_+2tan_1\/fx—_= ! +M
dx 14+ (x) 2V 2Vx  1+x Vx
Exercises

Find derivative in each of the following problems(1 — 4)

1. y = sec? 2x

3. y=\/x2—1—sec—1x

5 If y=1-sinf and x =6 —sinf find Ix

6. If y=sec 1t and x =VE&Z=T find

2. y=x?sinx + 2xcosx — 2sinx

4. y= 2xcos! \/;+ sin—1 \/;—ZN/x—xz

dy

X
dy
dx
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Lecture 11: application of integration
Application of integration
1. Area Between Two Curves

A- Integration with respect to x
In the first case the area between y = f'(x) and y = g (x) on the interval [a, b]

is determined. If it is assumed that f (x) > g (x) .

i »=g(x) i

. J’:f[ x)—g(x)dx
B- Integration with respect to y
The area between x = f( y) and x = g () on the interval [c,d] with f( y) > g (y) is
given by :

A=["f(»)-g(»)d

a b

Area between fand g Area below f Area below g

Ex: Find the area bounded by the x-axis and the curve : y = 2x — x2.

Sol: firstly the point of intersection between the curve and x- axis is calculated by
making y = 0,

2x —x2 =0

27
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x(2—x)=0.Eitherx =00rx=2,A =f02(2x—x2)dx=

37 2
X 8 _
[xz — —] = 4 — — = 1.33 squared unit
0

3 3

Ex: Find the area bounded by the y-axis and the curve x = y? —y3
Sol: For x = 0 then y?(1—y)=0,y=0andy =1
1 3 411

y> oy 1 1 1

A: 2 _y3 = —_—— = —_—_——= —

jo(y y?) dy =73 4]0 374 12

Ex: Determine the area of the region enclosed by: y = x% and y = /x

Sol: Fory =vx —x? =0,Vx(1-x%%)=0,x =0andx = 1

1
A= R dx = [ -5] =3

3 3

Ex: Determine the area of the region bounded by: y = 2x? + 10 and y = 4x + 16
Sol: Fory =4x+ 16 —2x?> —10 = —2x?>+4x + 6
y=0-2x*+4x+6=0

x?—=2x—-3=(x-3)(x+1)

x=3andx = —1

3 2X3 3
Azj [—2x2+4x+6]dx=—T+2x2+6x]

[—2 x 27

+2x9+6%*3 (+2+2 6)]
* *3 —— —
3 3

28
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= —18+ 18 + 18 — (—3.334) = 21.334

Ex: Determine the area of the region bounded by: y = 2x? + 10, y = 4x + 16,
x =—2,andx =5

Sol: The area from x = —1 to x = 3 is (area C)
calculated from the above example. Areas (A&B)

are calculated by:

-1
Ajgp = j (2x% + 10 — 4x — 16)dx +
—2

5
j (2x% + 10 — 4x — 16)dx
3

_ (1,2 59,2
=], (2x* —4x — 6)dx + [[(2x* — 4x — 6)dx

2x3 “1oox3 >
== - 2x% — 6X]_2 + = = 2x% — 6x]3

2(—1+8) 125 — 27
=——5—-201-9-6(-1+2) +2———

—-6(5—-3)

—2(25-09)

—14+6 6+298 2(16 12—14+196 32 12—210 44

3 3 ) 3 3 K
=70—44 =26

The total area 1sAygp + Ac = 26 + 21.3 = 47.3

2. Volume of the Solids of revolution

A Solid of revolution is a solid that is generated by revolving a plane region about
a line that lies in the same plane as the region; the line is called the axis of
revolution.

29
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Some Familiar Solids of Revolution

[

Axis of revolution \)

Right circular cylinder | ' Solid sphere
(a) (b)
The Disk method

A)Revolution about x- axis

ALY
y=Rx)
£ A
a b V’
(a)

. Hollowed right
Solid cone | circular cylinder
(] (d)

(b

Revolution about x-axis

30
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B) Revolution about Y- axis

A ¥ ¥
== U *]; —_
o o4 o -

N————7
x = i ¥) .I'I o ¥} "I
F o | — \J'
e
._‘_\ /,"
| e v
l
[€) )
Disks
Revolution about v -axis
3 d
V=L A(x)dx V=L A(y)dy
A= 7 (radius)’ _ _
( ) A= ?T(R(x))z A= T[(R(y))z
A(x) = 7 f(x)]?
b d
Vv =f al f(x)) dx 4 =f alu(»)*dy

Ex: Determine the volume of the solid generated by rotating the region bounded by
f(x) = x? —4x + 5and x = 1,x = 4 about the x-axis.

31
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Step 1 is to sketch the bounding region and the solid obtained by rotating the region about the x-axis.
Here are both of these sketches.

s
i

3

—x

-
e

2k

1k

||:|---(-_||.abu.u.~.1m\r_|<<

] L L f‘x
1 1 2 3 4>

Step 2: To get a cross section we cut the solid at any x, since the x-axis it the axis of rotation.

>
? ¥
& ’ /
7 3 /
5 . Z 1_r
= 5 \\/ p=at—dats
<+ T —v—‘1 - T~
El "\ af P 2 “
NIV

1 1
—1 —H

A = * = =z A (x)f
A(x) = 7(x> —ax+5) = 2(x* —8x> +26x> —40x +25)

Step3. Determine the boundaries which will represent the limits of integration. Working from left to right
the first cross section will occur at x = 1, and the last cross section will occur at x = 4 . These are the
limits of integration.

Step 4. Integrate to find the volume:
4

V= 'TA(X)dx :ﬁ} Flx)dx Zﬁ'jt (x2 —4x+ S)de = Fl'j- (x“ —8x” +26x" —40x + 25)9[\‘ =
a a 1 1
{

2. Finding volume of a solid of revolution using a washer method.
This is an extension of the disc method. The procedure is essentially the same,

but now we are dealing with a hollowed object and two functions instead of one, so

4

T8

5

=2t + ?:\73 —20x° + 25:\7]

| o=

1

we have to take the difference of these functions into the account.

The general formula 1n this case would be:
A= FI'(R2 —rt ) where R 15 an outer radius and r 1s the inner radius.
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FORMULAS: V= j A(x)dx . o respectively j A(v)dy

1. The volume of the solid generated by a region between fix)and gix) bounded by the vertical lines
x=a and x=b, which is revolved about the x-axis is

v =) - ey

elx (washer with respect to x)

2. The volume of the solid generated by a region between ffv) and g(v) bounded by the horizontal

lines y=¢ and y=d which is revelved about the y-axis.
d

V= Jr”[f (v)) =(g(»)f |nfr (washer with respect to y)

Ex: Determine the volume of the solid generated by rotating the region bounded by
y=3Vx,andy = xzthat lies in the first quadrant about the y-axis.
Solution

Step 1: Graph the bounding region and a graph of the object. The cross section 1s cut perpendicular to
the axus of rotation and 1t 1s a horizontal washer. The nner and outer radii of the washer are x values, so

we will need to rewrite our functions into the formx = f b,)

2

0 . . . -
1 2 ] & 2 2 5 =4 =2 0 2 4 & 8

Here are the functions written in the correct form for this example.

_v=§4";:>x=y3' and y=§:>_r=4y

Step 2. Graph couple of sketches of the boundaries of the walls of this object as well as a typical washer.
The sketch on the left includes the back portion of the object to give a little context to the figure on the

right.

= 4 4 -2 0 2 4 & 7

The cross-sectional area is then, A(y) = fr((4y)2 — (y}’ )3 ): ;.-3(1 6y2 — yﬁ)

Step 3. Working from the bottom of the solid to the top we can see that the first cross-section will oceur
at y=0 and the last cross-section will occur at y=2.These will be the linuts of mtegration.
Y si2x

d 2
) - 16 1
Step 4. The volume is then, V7 = IA(_v)dy = ;rrJ (116).;2 - _vS}:fy = fr[— v —=y ] 01
0

3 7

0

[
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Lecture 3 : Vectors
Vector components:

Quantities can be divided into:
1) scalar: which is defined by magnitude only, for example mass, time...
2) vector: the quantity which needs magnitude and direction, for example force,

velocity, acceleration....

We shall denote the vector from (0,0) to (1,0) by (i) and the vector from
(0,0) to (0,1) by (j) as shown in figure below:

»
Ll

(0’1) A

A

v
X

00) (1.0)

Then any vector in the x - y plane can be divided in the terms of i and j.
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Ex. Sketch the following vectors:

a) 3i
b) -4i
C)-2i + 3]
y
Sol.: 4
a)
3i
< £ » X
v
b) X
-4i
< < > X
y
C) A
-2i+3] _
3)
< » X
-2i
v

22
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Note: when we say the vector A~~~ B means: This vector directed from point A

bpoint B.

Arithmetic operation on vector:
1) Addition:

Let U_)1—> =i+ bl] and 17_>_)2"—) =yl + bz]

Then v'i> + v > = aqi + byj + ayi + byj

U_)1—> +
»
v

Vo

=(a; + ap)i + (b1 + by)j

2) Subtraction:
Let v'1— = a4i + byj and v - = ayi + byj
Then v'1= - v > = (ayi + byj) — (azi + B)
= (a1 — a)i+ (b1 — by)j

3) Multiplication of vector by scalar:
Let v»» = ai + bj and c is scalar.

then c v =c(ai + bj) = cai + cbj

23
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Definitions:
1) Length of vector:
The length of vector 1» = ai + bj is usually denoted by | | which may be read as
"The magnitude of 1» " .
| 1| is found using Pythagoras theorem and as follows:
»=ai+bj
|»| =Vaz + b2 y

v

2) Zero vector:

Any vector of length zero is called zero vector @,
ai +bj =0
ai + bj = 0i+0jifandonlyifa=b=0.

3) Unit vector:

It is part from any vector. This part has length equal to unity and it is used to
describe the direction of the vector.

% =2 where & is unit vector of .

N

v

24
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Ex. Find the unit vector of ¥ = ai + bj and prove that unit vector depends on

the angle between the vector and the x - axis?

Sol
= y
lv™>| N
- _ ai+ bj )
1w = (al
VaZ+b?
b
0 . X
a
> b
"= a 1+
Va2+b? VaZ+b2

= cosOi + sindj

Ex. Find the unit vector of &£ = 3i + 4j.
Sol.:

_)
%=

|A=]

|A=|=V32+42=5

(7 :%L = 0.6i + 0.8
since
1 = cosOi + sindj
cosf =0.6

6 =53°

25
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\Vector in Space:

Now we shall consider the vector in three dimensional space as follows:
(i) as a vector pointing from (0,0,0) to (1,0,0)
(j) as a vector pointing from (0,0,0) to (0,1,0)
(k) as a vector pointing from (0,0,0) to (0,0,1)

»
»

kA

Any vector A~ for example may be represented as:
A”=ai+bj+ck
and

|A=| = Va2 + b2 + 2

26
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Ex.: Find a unit vector in the direction of vector from p1(1,0,1) and p2(3,2,0).

Sol.:
p1p 2=(8-1)i+(2-0)j +(0-1)k
p1p 2=2i+2j-k

P 1p 2 = VA+4+1 = V9 =3
D= /0 Ry 0 e S 2i+2_j—k :_2 1

P12l 3 3
3

.2,
i+sj— k

Scalar product (dot product):

The scalar or dot product of two vectors A= and B>, denoted by A~. B® (read A~ dot B*),

is defined as the product of the magnitudes of A= and B> and the cosine of the angle

6 between them.

A2.B = |A7|.|B| cost, 0<6<m

The following laws was valid:
LrB=B1r

2.47(B+0) =A".B+ A>.C°
3ii=jj=kk=1ij=jk=ki=0

The dot product can be used to find:

1) The angle between two vectors.

2 . - —>F—
) The projection of vector B’ on A= =|B”| cosf = ad
A
3 . . —>H—
) The projection of A= on B = |A™| cosf = el
B
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Ex. Find the angle between & =i — 2j — 2k and B> = 6i + 3j + 2k also find
the projection of £ on B* and B’ on A.

Sol.:
1) A2.B = 47| B| cosh
cosf = A
A|B™
A2 . B =1%6+ (-2)*3 +(-2)*2=-4
A= =V1+4+4=3
|B?| =V36+9+4=7
cos@ = _+ _ =*
3«7 21
6 = 101°
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The projection of A~ on B = |A~| cosf = ET S
Bl 7
2) The projection of vector B> on A= =|B?| cosf = A%f =
|| 3

Orthogonal vectors:

The two vectors A~ and B are orthogonal if and only if:

A°.B =0

29
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Lecture 6 : partial derivation

Second order partial derivatives:

Agam, let z = f(x,y) be a function of x and y.

2 oL . .
o 3;%— means the second derivative with respect to x holding y constant.
0%z
® 9y means the second derivative with respect to y holding x constant.
. 3’z
*9Y  means differentiate first with respect to y and then with respect to x.
2
The "mixed" partial derivative PP 1s as important in applications as the
X dy
others.
; %z

It is a general result that: 9 L
ax dy dy 0x

1.¢. you get the same answer whichever order the differentiation 1s done.

Ex: Find all derivative of the following function y = 3x3 — 4x? + 7x + 10

Sol:
d
Y o 9x2_gx 47
dx
d*y
5 =18x -8
d3 a*
2 =18,—2=0
dx3 dx*
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Ex.: a. Letz=4x"- 8){},-‘4 + 7},-‘5 - 3. Find all the first and second order partial
derivatives of z.
b. Find all the first and second order partial derivatives of the function z =
sin(xy).
Sol.:
a. z=4x" - 8xy4+ 7y5- 3
First partial derivative: 92 = 8x - 8y" , a2 = _32xy° + 35y

[i):e ay
2 2
Second partial derivative: 9 - =8, 37 = ﬁ6xy2 + 140y3
oax? ay?
0?2 9 .0 0 ,
aX;y =— (5 = o (-32xy’ + 35y") =- 32y
927 0 0z 4 3
=— (=) =2(8x-8y)=-32
dgyox Oy ax) a_y( x y) M
b. z = sin(xy)
First partial derivative: 92= ycos(xy),  92= Xcos(Xy)

ox ady
2

: . 2z : z .
Second partial derivative: 9~ = - y2 sin(xy), 9 =-x" sin(xy)
x> dy?

0%z i ﬁ _ i ) _ ) ‘
axdy Ox (57) = 5 (xcos(xy)) = - xysin(xy) + cos(xy)

aZZ 0 o0z

LI N TP R ‘
ay ox e (ax = (yeos(xy)) = y(- xsin(xy) + cos(xy) Xy sin(xy) + cos(xy)
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Subscript notation for second order partial derivatives:

If z = {(x, y) then:

27
o » means 9 _
= ox2
27
o 7 means9d_
¥y ay2
2
z 0%z
0 _ or
0x dy dy 0x

o 7, means

The chain rule: If y = f(u)., u = g(x) and the derivatives j—i and % both exist then
the composite function defined by f(g(x))has a derivative given by:

dy dy du
dx_du*dx

Ex:lety=%,t=%+x2ﬁnd3—z

d d dat
Sol: 2 =2 22

T dx dac  dx

dy 1 1
=t ()
dy -1 ( 1 Lo ) 1— 2x3
= % | —— —
dx 1 2 x2 X (1 + x3)?
Eoe
X

Ex:FindZ—i,ify=tz—landx=2t+3

d o 2 3
y dt L X—
Sol: = =4f&=—=t=—
dx 9 2 2

dt
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Ex: Find d?y/dx*forx =t —t*and y = t — ¢°.

dy

Sol: & = o il
dx = 1-2t
dty (1=2t)*(=6t) = (1-3t%) * (=2)
Ay @ _ (1-20)?
dx*"  dx 1-2t

dt

_ —6t+12t%+2-6t% _ 6t°—61+2
- (1-2t)3 T (1-20)3
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Lecture 8 : Integration
Introduction to Integration

Integration is a way of adding slices to find the whole. Integration can be used to
find areas, volumes, central points and many useful things.

Basic rules of integration

1—fa.dx =ax+C

42
2—[a.x.dx=afx.dx=a?+(:

3- [[f@)+ gwldx = [ fodx+ [ goodx

xn+1
4—fx".dx=n+1+c (n+-1)
un+1
5—ju".du=u+1+c m#-1)(u=f(x))

Example: find the following integrations:

5x?t
1— | 5x3.dx=—+C
4
7 . 7x°
2 — —6.dx= 7x °.dx = — +C
X 5

3 4 8 Vax = [ axd 8dX _ [ 4xd 8x—3d

x3

1
=2x2424x3+C
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4—jx. (3 —x?)3%.dx

Lgdalss ) pall Adlall Lanas) pand ) a0 s (1. (3 — x2)3. dx) A0l oda Jalss alay-: Jal)
JAdial) s (x.dx) A3ida g.n'L"JU Jalsil) Ja g pdi g i) Ay ((3 — xz)?’)

u=3-x%-s--du=—-2xdx

dalee 0 g8il5 (—2xdx) oY JAN2 A8 sthally (x, dx) a8 Al dGidie (e dRESY) B b gial) oS
b LaS g Lgale dandll g 2 aaadl (8 Gpual) a5 Jalsll da gy JS e i e Aaaa Jalsill

-2 -1
f—zx (3 —x?)3.dx = TI —2x.(3 —x?)3.dx
Jalill dag i s B 65 5 pAY) Ala) B
3 — x2)4—] _(3 _ x2)4

_—1]—2x(3—x2)3dx—_—1( +C=—"—+C
2 ' T2 4 N 8

x%. dx
([t
(x3+7)3

ol i) ad g dacad) ) alial) ad y Adalaad) 5 Y gl dad)

x2. dx -3
f = J x2 (x3+7)4dx

letu=x3+7---du=3x%dx ,

-3 1 -3
fxz. (xX*+7)4dx = Ef 3x%. (a3 +7) 4 dx

1
1| (x3+7)2 4 1
S — —(+3 2
=3 i +C 3(x +7)2+C
4
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Lect. 12

Areas of surface of revolution

A surface of revolution is a surface that is generated by revolving a plane
curve about an axis that lies in the same plane as the curve.

Some Surfaces of Revolution

A) The area of the surface ( S) generated by revolving the curve y = fix)
between x = @ and x = b about the x-axis.

> b dy\°
s= [ 2xseoVTFTRax = [ 27y [1+ () ax

B) The area of the surface ( S) generated by revolving the curve x = g(y)
between y=c¢ and y=d about the y-axis.

- . dx\->
s=[ 272/ THTEFdy = [ 27x l+(3) dy

Example(1)
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Find the surface area generated by revolving the
curve

1
Yy = 1—x2, OSXSE

about the x-axis.

Solution:

The graph of the curve is the upper semi-circle
of radius 1 centered at the origin.

y=+1-—x2

dy = —x
dx  1— x2

b
=J. 2rf (x)y 1+ (f'(x))?dx
1/2 _ 2
:J. 2m/1—x2‘j ( ad ) dx

1/2
= 2my1—x2%2 |1 +
n X 0

1/2
2my 1 —x2 1
0 _

1/2
f 2w dx
0

= e =1

dx
xZ

28



Dr. Soraiv Ml Jowad Aust Lee. Laitiv Hailder

Find the surface area generated by revolving the
curve

y = V/3x, 0<y<?2
about the y-axis.

Solution:
1
y = 3\/3x:>x=§y3
dx
ay =Y
y
d
5= | 2ngoIT+ G dy
2y 2
=f 21 @yB‘)Jl + (y?)2dy
0
2
0
u=1+y*

3 1 3
1 2 $3 ©  |du=4y dy:zdu=y dy
y=2=>u=17
y=0=>u=1
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221
Szf ?y3w/1+y4dy
0
17 2n 1
=---=g(17x/ﬁ—1)
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Lecture 4 : Derivative

The process of calculating a derivative is called differentiation. The notations:

£,y dy/dx, = [f (x)]
Derivative by definition:
dy im flx+Ax) — f(x)

dx ~ Ax—0 ) Ax
Ex: Find the derivative of the function f(x) = N
Sol:
1 _1
dy lim YX+Ax  Vx 0
_ = m —_—
dx Ax—0 Ax 0

— lim Vx—x+Ax *\/}+\/x+Ax
T Ax—0 AxvxVx+Ax  Vx+Vx+hAx

xX—x—Ax -1

- Alglcr—r}o Ax(Vx+Ax ) (Vx+Vx+Ax) = x(2vx)

Ex: Find the derivative of the function f(x) = x?

Sol:

dy . (x+Ax)%—x? . x242xAx+(Ax)%—x?

— = ]Jim ————— = lim =2x
dx  Ax—0 Ax Ax—0 Ax

Rules of derivatives:

Let c and n are constants u, v, and w are differentiable functions of x.

20
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o
"
(=}

u"=nu
du

cu-cz

d du—dv d du — dv — dw
E(u¥v)-a¢a,z(u¢v¥w)-z¥a$a

n-1du a(x)_ 1 du

dc  dx\u/ T wdx

I
BlaBlsg]a

d dw dv

;(u VW =u v=tu W=t wdu/dx
du dv

1()-%5

Frvi " wherev 0

Ex: Find dy/dx for the following functions
1. y=((x?>+2x+1)°
dy .2 ,
a_s(x +2x 4+ 1)*« (2x +2)
x%-1

xZ+x-2

2-y =

dy (x*+x-2)*2x)—(x*-1D2x+1)
dx (x%2 +x—2)?
_2x342x?—4x—2x3-x%+2x+1  x%-2x+1

(x2+x—2)2 T (x2+x-2)2

3. y= e(x+e5x)
Z—i’ = e(**¢™)(1 + 5e5%)
4. y=(2%)?

d
& w2 w22 = 2 2
dx
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5. y = eVi+x?
d_y =e 1+x2 % 2x
X 21 + x2
6. y=2%x%3%
dy
d—: 2%.3*In3+3*%2*In2
X
dy
T 2°.3*(In3 4+ In 2)
X
Home work:

Using the definition of derivative , find the derivative of the following functions:
X2 x2

_ 1 _ _ 3 _
y = Y= on? y=Vx Y= a2

x+1
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Lecture 7 : Limits and Continuity

Definition of Limits: Let f be a function defined on an open interval containing ¢
(possibly except at ¢) and let L be a real number, then lim f(x) = L, which is read
X—C

as "the limit of f(x) as x approaches c is L"
Limits properties
If L, M, and £, are real numbers and

lim f(x) =L and lim g(x) =M, then

x—$00 X—*+00

1. Sum Rule: lim (f(x) + gx)) =L+ M
X—+00

2. Difference Rule: liT (flx) —gx))=L-M
x> +00

3. Product Rule: lim (f(x)g(x))=LM
X +00

4. Constant Multiple Rule: lim (k- f(x)) = k-L
X—+00

(x
5. Quotient Rule: lim ‘f—l -L M#0

X400 g(_r) . 1‘1.
6. Power Rule: If r and s are integers with no common factors, s # 0, then

lim (f(t.))r/s = Lr/.\'

x—»+00

provided that L is a real number. (If s is even, we assume that L > 0.)
7. If f(x) = k, then lim f(x) = k where c and k are real numbers.
X—C

8. Polynomial lim(ay + a;x + a,x® + -+ a,x™) =ay+a, *c+a, xc? +
X—C
et ay *c™
9.
The following facts are some times abbreviated by saying :
a) As x approaches 0 from the right, I/x tends to .
b) As x approaches 0 from the left, I/x tends to -o.

c) As x tends to o , I/x approaches 0.
d) As x tends to -0 , 1/x approaches 0.
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Notes:

l.

OIO

2 o0 — o, 0 * oo are all undefined quantities.

2. If any constant is divided by oo the result is zero.

Ex1: Find the following limits:

{a) lim (5 + _11_) = lim 5 + lim %

X x—=D0 O T
=540=
A 7wV3
(b) lim \2/— = lim #»\V3-1
X—>=00 X E
= lim 7#\V3- lim ;- lim %
X0 X =00 L
= w\/i-O-O =0
( ¢) Numerator and Denominator of Same Degree
. S5x2+ 8& — 3 S5 (8/) ="/ iia
Iim .,—- = |lim . { numet
Xl 3x< + 2 X OC 3 + (2/".-) st b
_5+0-0_5
- 3+0 3

(d) Degree of Numerator Less Than Degree of Denominator

R (11/x2) + (2/x?)
lim = = lim =
e 2 — 1 x——se 2 — (1/x7)
_0+0_,

Note: In rational functions divide both the numerator and denominator by the
largest power of x in the denominator as:

1. lim @ = 0, If deg. (f) <deg.(g) .

x—>+oo gX

2. lim % = cons. If deg. (f)=deg.(g)

x—>+oo gX

3. lim %_ o If deg. (f)> deg.(g)

x—>+oo g(X
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Ex2: Find the following limits:

5x' 4+ 8x° x4’
1 li , 2) &
) o ;x -16x° ; v x'—a'
insx . tany
’; ’
/ {,’.’.’: Sin3x ) 9-’0"0 3y
5) lim o , 6) lim(l-i-Cosi)
x-002x‘+x X=p X
‘$5x° = :
7)  lim 2F $OF =7 , 8) lim ;'Y.”
= [0 x’ —IIx+5' yo p° =2
9 mm—r=l_ . 1) &m—L
0 2x? —~7x+5 -1 x+ 1
SOL.-
Sx'+8x" . Sx+8  0+8 |
1) lim = lim -
H'ix —16.\' H'fx -16 0 16 2
x'=a’ (x=a)(x’ +ax+a’ ) @ +a’va’ _§
2) IIM—"—J-’
-y - w(x a)(x+a)x’+a’ ) (a+a)(a +a ) Ja
Sin§x Sin§x
? § ‘!'T. 5x §
) lim—2t—ne 2ty

- S‘mix 3 Sm3x-3
3 lim

Ix I 3x
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tan2y 2 _ Sinly 1 2

1) lim——= =2 fim =L fim ==

y=p0 3}! 3 2r=0 2_)‘ =30 COSZV 3
Sin2 Sin2 1

5) lim—o =2 lim S lim =2

0 Ix"$x e Jx x4 1

6) 1211-(1+Cos£)=1+(70s0=2

X
S 7
3 2 - 3+ - 3
x 3Ix* +5x" =7 . X x 3
7) lim - = lim - el Ml
o J)x” =1Ix 45 o= 11 5 10
10-°+
X X
3 -
3y+7 T ®
8) lim>=> " =mlim? ¥ =" =0
L el ™ y—po - 1
. I_ 3
y
x' =1 A= I' 1
9) lim - = lim _X = - =00
0 2y’ = Tx 45 =2 / 5 0
i
% x
10) lim . = —00
_._:.-\‘4‘1 -I1+1
Ex:3
cosh — 1 sin 2x sin #

. - - =2 _
Show that (a) ’}l_% 0 and (b) Ill_l}}) S 5 Using I‘}lﬂyu 5 = 1

h

(a) Using the half-angle formulacosh =1 — 2 sinz(h/ 2), we calculate

. cosh — 1 . 25“12("/2)
iim ———= lm - ——
h—0 h h—0 h

. sSmmé@ .
= —lim sin @
o—0 0

= —(1)(0) = 0.
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2 .. smn2x

]

1]
M
| 5
¥ o
==l
I

bk |l
[

Home Work

2.lim —=
x— X2 Vx?-4

,/(x+ Jx+1D)+1
3.1 lim L hint: multiply by ——— Joen Ans. (0.5)

tanx A (1)

Ans.(0)

4. lim
X—
COoSXx

5. lim 7=— Take g —x =2z Ans.(1)

X-T/2 57X

6. lim xsm Take z ==, Ans.(1)

X—00

7. lim(VaZ + 6x + 1 — /x% + x) hint: multiply by L2614/ "2”) Ans.(5/2)

x—00 (VxZ+6x+1+/x2+x
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Lecture ¥ : Vectors
Vector components:

Quantities can be divided into:
V) scalar: which is defined by magnitude only, for example mass, time...

Y) vector: the quantity which needs magnitude and direction, for example force,

velocity, acceleration....

We shall denote the vector from (+»+) to (Y»+) by (i) and the vector

from (+>+) to (+»)) by (j) as shown in figure below:

»
Ll

y
v

A
A

Then any vector in the x - y plane can be divided in the terms of i and j.

AR
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Ex. Sketch the following vectors:

a) ¥i
b) - £
¢) -Yi+ Y]
y
Sol.: 4
a)
¥i
< £ » X
v
y
b) A
-¢1
< < » X
\ 4
y
A
C)
=Y1+Y
J ]
< » X
-Yi
v

AR
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Note: when we say the vector A~~~ B means: This vector directed from point A

bpoint B.

Arithmetic operation on vector:
V) Addition:

Let U_)1—> =i+ bl] and 17_>_)2"—) =yl + bz]

Then v'i> + v > = aqi + byj + ayi + byj

U_)1—> +
»
v

Vo

=(a; + ap)i + (b1 + by)j

¥) Subtraction:

Let v'1— = a4i + byj and v - = ayi + byj

Then v'1—= - v > = (ayi + byj) — (azi + B)
= (a1 — a)i+ (b1 — by)j

¥) Multiplication of vector by scalar:
Let v»» = ai + bj and c is scalar.

then c v =c(ai + bj) = cai + cbj

Yy

v

v
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Definitions:
V) Length of vector:
The length of vector 1» = ai + bj is usually denoted by | | which may be read as
"The magnitude of 1» " .
| 1| is found using Pythagoras theorem and as follows:
»=ai+bj

|v9|=\/a2+b2 y

v

Y) Zero vector:

Any vector of length zero is called zero vector @,
ai +bj =0
ai + bj =0i+0jifandonlyifa=b=-.

¥) Unit vector:

It is part from any vector. This part has length equal to unity and it is used to
describe the direction of the vector.

% =2 where & is unit vector of .

[v'>|

Ye¢
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Ex. Find the unit vector of ¥ = ai + bj and prove that unit vector depends on

the angle between the vector and the x - axis?

Sol
W= y
lv'>|
A
- _ ai+ bj )
1w = »
VaZ+b?
b
0 > X
a
N b
u"= a 1+
Va2+b? VaZ+b?

= cosOi + sindj

Ex. Find the unit vector of &£ = 3i + 4j.
Sol.:

_)
%=

|A=]

|A=|=V32 +42=2

12.)’:31'4'4': n)-Li + n)/\j

o

since
1 = cosOi + sindj
cos@ = 1

@ = oyo

Yo
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\Vector in Space:

Now we shall consider the vector in three dimensional space as follows:
(i) as a vector pointing from (+s+>+)to (Vs+5+)
(j) as a vector pointing from (+s+»>+) to (+5)*)

(k) as a vector pointing from (+>+5+)to (*>+»))

»
»

kA

4
v
<

Any vector A~ for example may be represented as:
A”=ai+bj+ck
and

|A=| = Va2 + b? + 2

Al
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Ex.: Find a unit vector in the direction of vector from p (YY) and px(¥»Y>+).
Sol.:

p1p 2= (V)i (Y- (- )k
prpT T = Vi Y-k

Ip7"1p 2| =V4+4+1 =V9=3
P e 2i42j—k 2 1
Y Al

W = k

P12l
.

. 2.
l+;]—

Scalar product (dot product):

The scalar or dot product of two vectors A= and B>, denoted by A~. B® (read A~ dot B*),

is defined as the product of the magnitudes of A= and B> and the cosine of the angle

6 between them.

A2.B = |A7|.|B| cost, '

[A
S
[A
3

The following laws was valid:

. AB=B.A

VA (B+C) =A° B+ 4000
Yoiizjjskk=,ij=jk=ki=-

The dot product can be used to find:

V) The angle between two vectors.

Y —>F—
) The projection of vector B’ on A= =|B”| cosf = ad
A
v) . AR
The projectionof A= on B = |A™| cosf = __
B

Yv
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Ex. Find the angle between & =i — 2j — 2k and B> = 6i + 3j + 2k also find
the projection of £ on B* and B’ on A.

Sol.:
V) A2.B = |A°)|B| cosh
cosO = A

A=) B

AP B = VU4 (SY)RY 4 (Y)*Y = - ¢

A2 =vV1+4+4=3
|B?| =V36+9+4=7
cosf = _+ _ =%

YxV Y

6 = 101°

YA
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The projection of A~ on B = |A~| cosf = ET S
|B| v
Y - B> —
)The projection of vector B> on A= =| B | cosf = T
|Al v

Orthogonal vectors:

The two vectors A~ and B are orthogonal if and only if:

A°.B =0

AR
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If u is a function x, the chain rule version of this differentiation rule is

d du
1.— (sinu) = cosu,—
dx
d du
2.7 (cosu) = —sinu.—
dx
d
3. i (tan u) = sec2u. _u
dx dx
d
4.1:?,5(001: u) = —cscu. _u,
dx
d
"7 (secu) = secu tan_g,,g»,\@
dx dx
d du
6.dx (cscu) = —cscucotuy.,
dx

Example 1: Find derivatives of the functions

1. y=sin2x = y=(sinx)? =
4 dx
2. y=cos(x?) o _y = —2x sin(x?)
dx
— dy _ 1 sec2vVx
3.y=t > ——=secVak X TE=
y = tanvVx I = S€c Vx e i

4.y =x?sec3x
dx

= (xsec3x)(2 + 3x tan 3x)

5.y =Vsim2x = y = (sin2x)1/? =

dx 2

cos 2x
Vsin 2x

23

_~ = 2sinxcosx = sin 2x

_y = 3x2sec3xtan 3x + 2x sec 3x

y 1
" = (sin2x)-Y?2 X cos2x X 2
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d
Example 2: If y = tan 2t _and x = sec2t show that Y csc 2t

,,,,,,,,,,,,,,,,,,,,,,,,,, T
dy dx
" =12sec?2t , = 2sec2ttan2t
dt dt
1
dy dy dt—ZseCZth =se02t
dx dt dx 2sec2ttan2t tan2t
1
_cos2t 1 —csc2t
sin2t  sin2t
cos 2t
T dy
Example3:Ify =0 —cosf andx =60 +cosf;(0< 6 < 2) show that o
= (secf + tan )?
4y 1+sinf d o 1—sinf
e sin an - sin

dy dy dd 1+sinf

dx a0 dx T=sn@
dy 1+sin6 1+51n9 1+ 2sin6 +sin20 14+ 2sin@ +sin2d
ﬁzl—sinﬂ 1+sm9 1—sin2 g - cos% 6
dy _ 1 2sinf sin? 0

=sec?f + 2secftanf + tan’ 6 = (secH + tan 6)?2

dx cos?f cos?2@ cos2@

24
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Inverse trigonometric functions

The inverse trigonometric functions are defined to be the inverses of particular
parts of the trigonometric functions; parts that do have inverses. The inverse
sine function, denoted by sin—'x (some books use the notation arcsin(x)), is
defined to be the inverse of the restricted sine function. A similar idea holds for
all the other inverse trigonometric functions. It is important here to note that in
this case the “— 1” is not an exponent and so,

1
sin~1lx #
sin x

In inverse trigonometric functions the “ — 1" looks like an exponent but it isn’t,
it is simply a notation that we use to denote the fact that we’re dealing with an
inverse trigonometric function. It is a notation that we use in this case to denote
inverse trigonometric functions. If we had really wanted exponentiation to denote

1 over sine, we would use the following:

1
(sinx)~1 =

sin x

Derivatives of inverse trigonometric functions

Let u be a function x, the derivatives of inverse trigonometric functions are:

1 |
L= ™ 2 (cosrwy =M™
dx Jv1—u2 dx dx Vv1—u2 dx
1 -1
s Lty =_— ™ e Loty =_— ™
dx 1+ uz dx dx 1+ u? dx
1 -1
b.i(sec—l u) = .du b.i(CSC_l u) = —d_u
dx lulvuz —1 dx dx lul[vuz — 1 dx

25
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Example 4: Find the derivative for
1. dy 1 2

y=sinl2x = " = X L= —
dx 1 - (2x)? V1 — 4x2
2.y=3xcos 13x—V1—9x?
— — 18X
ﬁzdxx 1 X 3+ 3cos13x —
dx V1 — (3x)? 2V1 — 9x2
-9 9x
V1 — 9x? V1 —9x?
3.y = 2+/x tan-1 vx
1 1 1 “1v/x
ﬂ=2\/fx X ——=+<Z2tan ' vX X —== ! —|—M
dx 1+ (Vx) 2x 2vx 1+x Vx
Home Work :

1. y = sec?2x 2. y=x?sinx + 2xcosx — 2sinx

3. y= Vx2 — 1 —seclx 4.y = Zxcos—le;+ sin—lex_— 2V — x2
dy

5. If y=1-sinf and x =6 —siné find I
X

6. If y=sec 1t and x = V& =T find _
dx

26
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Lecturer 3 : Trigonometric functions and some applications

Trigonometric functions

There are six basic trigonometric functions used in Trigonometry. These functions are
trigonometric ratios. The six basic trigonometric functions are sine  function, cosine
function,  secant  function,  co-secant function, tangent function, and co-tangent
function. The trigonometric functions and identities are the ratio of sides of a right-angled
triangle. The sides of a right triangle are the perpendicular side, hypotenuse, and base,
which are used to calculate the sine, cosine, tangent, secant, cosecant, and cotangent values
using trigonometric formulas.

A right triangle is a triangle with a right angle (90°)

opposite

adjacent

For every angle @ in the triangle, there is the side of the triangle adjacent to it, the side

opposite of it and the hypotenuse such that az + b% = c2.

¢
___,-"""-J
,,f"ff
-
-Le‘f“ﬁi/
ﬁf—"’f Opposite
T
T
7
Al []
A Adjacent B

15
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opposite side

sinef =
hypotenuse

‘Sine’ 1s abbreviated to ‘sin’, thus sinf = E
AC
adjacent side
Also, cosinef = L
hypotenuse
. . . AB
‘Cosine’ 1s abbreviated to ‘cos’, thus cos# = i
, opposite side
Finally, tangent # = — -
iy, s adjacent side
‘ , : __ BC
Tangent’ is abbreviated to ‘tan’, thus tan# = B

EX 1 : In triangle POR determine sin 6, cos 6 and tan 6

P
H““m% 13
5 -\-x-\--\--\--\""-\.
HFI?‘“HH
Q = 2 ' ~R
Sol:
) opposite side PO 5 .
sinfl = = =— =0.3846
i hypotenuse PR 13
adjacent side QR 12 )
.' == ey = — = & j
cos® hypotenuse PR 13 09231
ite sid P 5
tang = 2PPOSteside PO _ 5 _ 4 4167

adjacent side  OR 12

16
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EX : 2/ In triangle ABC of Figure , determine length AC, sin C, cosC, tanC, sin A4,

cos 4 and tan 4

A

.,

~

~
‘-H'\
.,
\'\.
)
\\\
H'\
.
3.47cm .
H\
)
"‘\_‘x
\\"\.
\'\\.
~
.
] .
8 4 62cm ¢

By Pythagoras, AC? = AB*> + BC?
i.e. AC? = 3.47% +4.62?

from which AC = V3.47 2 + 4.622 =15.778cm

__ oppositeside AR 347

sin€'= hypotenuse  AC ~ 5778 0.6006
NS
- _ 820,
o - S _DC_ 4
o = nise. = AT = 5775 = 06008
tand — oppositeside  BC  4.62 13314

adjacent side AR 3.47

17
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A
cos B, sin 4 and tan 4 f,f"' ]
SOL: ~ 8

e
A right-angled triangle ABC is shown in figure If f,/
_ 8 _ _ e ]
tanB—E ,then AC =8 and BC=15. B = c
By Pythagoras, AB? = AC? + BC*?
ie. AB* =87 +15°
from which AR =+/824152=17
. AC 8
sin f = BT 0.4706
BC 15
- —_ = pF
cos BB BT (0.8824
BC 15
i = —— = pE
sin A R 7 or 0.8824
tan A = % = ET:I or 1.8750
the trigonometric functions are defined as follows:
opp b o adi a
sinf =_—_ =" Cost =r——=—
hyp ¢ hyp ¢
sinf o adi
tan9= = pp:i =0088=dd] =£
cos@ adj a sind opp b
cocd I hyp ¢ 1 hyp ¢

Trigonometric functions of negative angles

sin(-@) = —sin @ , cos(—8) =cosO

18

and tan(—8) = —tané
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Some useful relationships among trigonometric functions

1. sin%x + cosx =1,
2.8In2x = 2sInXxXCoSX,
) 1 —cos2x

3. sin“x = ,
2

sec2x — tan?x = 1,

COS 2X = C0s2x — sin?x = 1 — 2sin%x = 2cos?x — 1

cscix —cotix =1

1+ cos2x
2

coslx =

19
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Lecture 5: Partial Derivatives
1. Introduction

In many real-life applications, functions depend on more than one variable such as
f(x, y) or f(x, y, z). To understand how the function changes when only one
variable changes while all others remain constant, we use partial derivatives.

2. Definition

If f(x, y) is a function of two variables, then the partial derivative with
respect to x is:

of

0x
Meaning: differentiate with respect to x while treating y as a constant.
Similarly,

of

dy

Is the derivative with respect to y.

Example 1:

f(x,y) =x*y + 5y

of
— =2X

J0x y
of

ady >

27
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Example 2:

(X, y) =sin(x y)

of

ol cos(xy) *y
of «
ay cos (X y) * X

Example 3:

f(x,y,2) =x2 +yz + e*
f x=2x+ze¥

fy=z

fz=y+xe*

Ex.: Calculate 8Zand 92 of the following functions:
ox oy

a. z=x2+3xy+y—l
b. z= ln(}ii2 -y)
c. z=xcos(y) +ye"

d. z = ysin(xy)

Sol.:

a. To find %2 treat y as a constant and differentiate with respect to x. We
Ox

have z=x"+ 3xy +y- 1 so:

9z=72x+3
ox Y
Similarly
9z=3x+1
oy

28



Dr. Sorair Muii Jowad Ayt Lee. Loitiv Haider

b. z = In(x -y)

ax  (x2—y) &2—y) 9y (%)

¢. z=xcos(y) + ye*

9z = cos(y) +ye© , 9z=-xsin(y) +e
0x ady

d. z= ysin(xy)
d )
— = yeos(xy)y = yeos(xy)

9z = xycos(Xy) + sin(xy)
ay

2- Derivatives of the Natural Logarithm Function (In)

1. Derivative of In(x) in One Variable
dfdx In(x) = i x>0

- Example:

= I3 +1)= (1] (3 +1) *6x=

(3% + 1)
3- Partial Derivative of a Multivariable In Function

If we have f(x, y) = In(xy + y*2), the partial derivatives are:
1. of/ox

f=1In(u), u=xy +y"2

offox=1/u*ouw/ox=1/(xy +y2)*y=y/(xy +y*2)

29
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4- More Complex In Function

Example: f(x, y, z) = In(xy + z?)

Partial derivative w.r.t x: 6f/ox = 1/(xy +z?) *y =y [ (xy + Z?)
Partial derivative w.r.t y: 6f/0y = 1/(xy + z?) * x = x [ (xy + z?)
Partial derivative w.r.t z: 6f/0z = 1/(xy + z%) * 22 =2z | (xy + z?)
5- Derivative of e* in One Variable

d/dx e* = e*

- Basic rule: the derivative of e* is itself.

- Example:

d/dx e =3 e *

Partial Derivative of a Multivariable Exponential Function
If we have f(x, y) = e X *¥2 the partial derivatives are:

1. of/ox

f=eY, u=xy+y?

Of/ox = e * Qu/ox = eV Y2 *y=yegX+y?

ot/ oy

ou/0y = x + 2y

Of/0y = e * (X + 2y) = (X + 2y) e Y *¥2

More Complex Exponential Functions

Example: f(x,y, z) =e¥*2

Partial derivative w.r.t x: of/ox = e® 22 * y =y gty +22)
Partial derivative w.r.t y: of/oy = e 22 * x = x g Xy *+22)
Partial derivative w.r.t z: 6f/0z =e ®*22) * 27 = 27 ¢ W *22)

30



