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 Lecture 1 :Determinants and solution of linear equation by 

Gramer’s rule 

Introduction  

A linear equation is an equation that represents a mathematical relationship 

between one or more variables, where the highest power of the variable is one. It is 

called "linear" because its graph is a straight line. 

 General Form of a Linear Equation 

For one variable: ax + b = 0 

Example: 2x + 6 = 0 

For two variables: ax + by = c 

Example: 3x + 2y = 6 

 Methods of Solving 

1. For one variable: 

Example: 2x + 6 = 0 → x = -3 

2. For two variables: 

Example: 

2x + y = 5 

x - y = 1 

Solution: (x, y) = (2, 1) 

 

2- Determinant is a numerical value that can be calculated from a square matrix. It 

plays a key role in solving systems of linear equations, finding matrix inverses, 

computing areas and volumes, and analyzing linear transformations. 

*Definition 

For a square matrix A of order n×n, the determinant is denoted by |A| or det(A). 

The determinant provides information about whether the matrix is invertible and its 

scaling factor. 

* Determinant of a 2×2 Matrix 

If    A = [
𝑎 𝑐
𝑏 𝑑

]                then                          |𝐴| = ad - bc 
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Example 1: 

  

A = |
3 2
1 4

|                               →              |A| = (3×4) - (2×1) = 10. 

 

Example 2: 

A = |
2 1

−1 2
|                      →              |A| = (2×2) - (-1×1) = 5.          

 

Example 3:  

A = |
4 2
1 −1

|                      →              |A| = (4×-1) - (2×1) = -6 .          

 

* Determinant of a 3×3 Matrix 

If                A = |
𝑎 𝑒 ℎ
𝑏 𝑓 𝑖
𝑐 𝑔 𝑗

|                                                  

 

 

 

 

 

 

 

 

 

In this method, the following must be taken into consideration : 

|
𝑎 𝑒 ℎ
𝑏 𝑓 𝑖
𝑐 𝑔 𝑗

|    |
𝑎 𝑒 ℎ
𝑏 𝑓 𝑖
𝑐 𝑔 𝑗

| 

          |
𝑎 𝑒 ℎ
𝑏 𝑓 𝑖
𝑐 𝑔 𝑗

| 
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When selecting the element for which the auxiliary determinant is to be 

found, the necessary symbol must be placed in the partition, as follows: 

|
+  −   +
−   + −
+   −  +

| 

Example 1:  find the determinant for the followig matrix : 

                            A =|
2 0 5
1 −1 2
3 4 0

|      

                                              

f|A| = 2((-1×0)-(4×2)) - 1((0×0)-(4×5)) + 3((0×2)-(-1×5)) 

 

|A| = -16 + 20 + 15 = 19  

 

Example 2: find the determinant for the following matrix : 

                             A=|
1 2 3
4 5 6
7 8 9

| 

|A|=  1( ( 5×9)- (6×8)) – 2((4×9) –(6×7)) + 3((4×8)-(5×7)) 

        =  -3 +12-9  

        = 0  

Example 3: find the determinant for the following matrix : 

                           A=|
3 −2 1
0 4 −3
2 5 6

|   

|A|= 3(4×6 - (-3)×5) - (-2)(0×6 - (-3)×2) + 1(0×5 - 4×2)  

    = 3(24 + 15) + 2(0 + 6) + 1(0 - 8)  

    = 3(39) + 12 - 8 = 117 + 12 - 8 = 121 
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Example 3: find the determinant for the following matrix : 

                           A=|
2 0 1

−1 3 4
0 5 2

|      

|A| =  2(3×2 - 4×5) – 0 (-1×2 - 4×0) + 1(-1×5 - 3×0)  

     = 2(6 - 20) - 0( -2 ) + 1(-5) = 2(-14) + 0 - 5  

     = -28 - 5 = -33  

|A| = -33  

 * Properties of Determinants 

1. If two rows (or columns) are equal → determinant = 0. 

2. Swapping two rows (or columns) changes the sign of the determinant. 

3. Multiplying a row by k multiplies the determinant by k. 

4. The determinant of a triangular matrix equals the product of its diagonal 

elements. 

5. det(A⁻¹) = 1 / det(A). 

6. If det(A) = 0, the matrix is singular (not invertible). 

 

2- Solution of linear equation by  (Gramer’s rule)  

The value of each unknown is the result of dividing two determinants, one in the 

numerator and the other in the denominator. The determinant written in the 

denominator is the same as the determinant of the denominator, after changing the 

factors of the unknown whose value is to be found in the same order. 

Example1 : solve the linear equation by using Gramer rule  

3𝑥 − 2𝑦 = 8 

−5𝑥 + 4𝑦 = −3 

Sol: 

1-                            |
3 −2

−5 4
| 

D = 3*4 –((-5)*(-2) ) = 2 
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2-    Dx  = |
8 −2

−3 4
| 

Dx = 8*4 – (-2*-3) =   26 

x = 
𝐷𝑥

𝐷 
=  

26

2
= 13 

 

3- Dy =  |
3 8

−5 −3
| 

Dy = 3*(-3) – ((-5)* 8) = 31 

y = 
𝐷𝑦

𝐷 
=  

31

2
= 15.5  

x= 13        ,       y=  15.5  

Example2 : solve the linear equation by using Gramer rule  

2x + 3y = 8 

x - y = 1 

D=  |
2 3
1 −1

|  

D = (2)(-1) - (3)(1) = -5 

 

Dx: Replace the x-column with constants [8, 1] 

Dx  = |
8 3
1 −1

| 

Dx = (8)(-1) - (3)(1) = -11 

 

Dy: Replace the y-column with constants [8, 1] 

Dx  = |
2 8
1 1

| 

Dy = (2)(1) - (8)(1) = -6 

x = 
𝐷𝑥

𝐷 
=  

−11

−5
= 2.2 

y = 
𝐷𝑦

𝐷 
=  

−6

−5
= 1.2 

x = 2.2,       y = 1.2 
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Example3 : solve the linear equation by using Gramer rule  

3x - 2y = 7 

x + 4y = 10 

D=  |
3 −2
1 4

|  

D = (3)(4) - (-2)(1) = 12 + 2 = 14 

Dx = |
7 −2

10 4
| 

Dx = (7)(4) - (-2)(10) = 28 + 20 = 48 

 

Dy = |
3 7
1 10

| 

Dy = (3)(10) - (7)(1) = 30 - 7 = 23 

x = 
𝐷𝑥

𝐷 
=  

48

14
= 3.43 

 

y = 
𝐷𝑦

𝐷 
=  

23

14
= 1.64 

x = 3.43, y = 1.64 

Example 4 : solve the linear equation by using Gramer rule  

5x + 2y = 12 

3x - 4y = -6 

D=  |
5 2
3 −4

| 

D = (5)(-4) - (2)(3) = -20 - 6 = -26 

 

Dx = |
12 2
−6 −4

| → Dx = (12)(-4) - (2)(-6) = -48 + 12 = -36 

 

Dy = |
5 12
3 −6

| →   Dy = (5)(-6) - (12)(3) = -30 - 36 = -66 
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x =  
𝐷𝑥

𝐷 
=  

−36

−26
    = 1.38  

 y =  
𝐷𝑥

𝐷 
=  

−66

−26
   = 2.54 

Example 4 : solve the linear equation by using Gramer rule  

𝑥 + 𝑦 + 2𝑧 = 6 

2𝑥 + 𝑦 + 𝑧 = 4 

𝑥 + 2𝑦 + 3𝑧 = 8 

D = |
1 1 2
2 1 1
1 2 3

| 

 

D= 1 * ((1*3) – (1*2))  - 1* ((2*3) –(1*1)) + 2 *((2*2) – (1*1) )  

     =  1 – 5 +6 = 2  

 

Dx = |
6 1 2
4 1 1
8 2 3

| 

D x  = 6 *( (1*3)-(1*2) ) – 1* ((4*3) –(1*8) + 2* ((4*2) – (1*8)) 

       =   6 -4  +0 + 2  

 

x = 
𝐷𝑥

𝐷 
=  

2

2
= 1 

 

Dy = |
1 6 2
2 4 1
1 8 3

|  

D y = 1 * ((4*3) – (1*8)) – 6* ((2*3)-(1*1) ) + 2* ((2*8) – (4*1)) 

       =  4 – 30 + 24 = -2  
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y = 
𝐷𝑦

𝐷 
=  

−2

2
= −1 

 

Dz = |
1 1 6
2 1 4
1 2 8

| 

D z = 1*(( 1*8) – (2*4) ) – 1 * ((2*8) – (4*1) ) + 6 * ((2*2) –(1*1))  

       = 0 – 12  + 18  

       =  6  

Z = 
𝐷𝑧

𝐷 
=  

6

2
= 3 

x= 1     ,     y =  -1       , z= 3   

 

Example 5 : solve the linear equation by using Gramer rule  

x + y + z = 6 

2x - y + z = 3 

x + 2y - z = 4 

1- D = |
1 1 1
2 −1 1
1 2 −1

| 

D = 1 * (( -1*-1 ) – (1 *2) ) – 1 * (( 2*-1)- (1*1) ) + 1 *((2*2) – (-1*1))  

    =  -1 +3+5   =  7  

2- Dx = |
6 1 1
3 −1 1
4 2 −1

|  

   D x = 6 * ((-1*-1) – (1*2)) – 1*(( 3*-1) – (1*4)) + 1 * ((3*2) -(-1*4)) 

         = - 6 + 7+ 10 = 11 

x = 
𝐷𝑥

𝐷 
=  

11

7
= 1.57 
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3- Dy = |
1 6 1
2 3 1
1 4 −1

|    

D y = 1* ((3*-1) –(1*4)) – 6 *((2* -1) – (1*1)) + 1* ((2*4) – (1*3))  

       = -7 +18+ 5 = 16  

y = 
𝐷𝑦

𝐷 
=  

16

7
= 2.29 

4- Dz = |
1 1 6
2 −1 3
1 2 4

|   

 D z = 1 *((-1*4) –(3*2)) – 1 *((2*4) –(3 *1) + 6*((2*2) – (-1 *1))  

        = -10 – 5 + 30   =  15  

Z = 
𝐷𝑧

𝐷 
=  

15

7
= 2.14 

   x = 1.57  ,  y = 2.29   ,   z  = 2.14 

Example 6 : solve the linear equation by using Gramer rule 

x + 2y + 3z = 14 

2x - y + z = 3 

3x + y + 2z = 10 

1- D = |
1 2 3
2 −1 1
3 1 2

| 

D = 1(-1×2 - 1×1) - 2(2×2 - 1×3) + 3(2×1 - (-1)×3) 

     = 1(-3) - 2(1) + 3(5) = -3 - 2 + 15 = 10 
 

2- D x = |
14 2 3
3 −1 1

10 1 2
| 

D x= 14 *((-1 *2) –( 1*1)) – 2 *(( 3*2) –(1* 10)) +3 * (( 3* 1) – (-1 *10))  

       = (14 * -3) –( 2* -4) + (3*13)  

       = - 42 + 8 + 39  =  5  
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x = 
𝐷𝑥

𝐷 
=  

5

10
= 0.5 

 

D y = |
1 14 3
2 3 1
3 10 2

| 

D y = 1 *((3*2) – (1*10)) – 14 *(( 2*2) –(1*3) ) +  3* ((2*10 )- (3*3))  

        =  - 4  - 14 +33  = 15 

y = 
𝐷𝑦

𝐷 
=  

15

10
= 1.5 

 

3- Dz = |
1 2 14
2 −1 3
3 1 10

| 

 

Dz = 1*((-1*10)-(3*1)) – 2* ((2*10)-(3*3) ) + 14 * ((2*1) – (-1*3) ) 

     = -13  - 22+ 70 =  35 

z = 
𝐷𝑧

𝐷 
=  

35

10
= 3.5 

x= 0.5   , y= 1.5   ,   z = 3.5  

Home Work  

1- solve the linear equation by using Gramer rule 

         x + 2y + 3z = 5 

         2x + y +2 z = 7 

         2x + 2y + z = 2 

2- solve the linear equation by using Gramer rule 

        2 x + 3y + z = 12 

         4x +6 y - z = 9 

         x + 2y -3 z = -3 
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3- solve the linear equation by using Gramer rule 

2x +3y = 8  

x-4y= -2  

4- solve the linear equation by using Gramer rule 

        9x-3y=9 

        3x+ y= 3 
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Lecturer  3 : Trigonometric functions and some applications 

Trigonometric functions 

There are six basic trigonometric functions used in Trigonometry. These 

functions are trigonometric ratios. The six basic trigonometric functions 

are sine  function, cosine  function,  secant  function,  co-secant 

function, tangent function, and co-tangent function. The trigonometric 

functions and identities are the ratio of sides of a right-angled triangle. The 

sides of a right triangle are the perpendicular side, hypotenuse, and base, 

which are used to calculate the sine, cosine, tangent, secant, cosecant, and 

cotangent values using trigonometric formulas. 

A right triangle is a triangle with a right angle (90°) 
 

 

For every angle 𝜃 in the triangle, there is the side of the triangle adjacent to 

it, the side opposite of it and the hypotenuse such that 𝑎2 + 𝑏2 = 𝑐2. 

For angle 𝜃, the trigonometric functions are defined as follows: 

 

cos 𝜃 = 
hyp 

= 
𝑐 

 
cot 𝜃 = = = 

 

 

opp 𝑏 
sin 𝜃 = 

hyp 
= 

𝑐 

  adj 𝑎  

sin 𝜃 opp 
tan 𝜃 = = 

cos 𝜃 adj 
= 

𝑏 

𝑎 

cos 𝜃 adj 

sin 𝜃 opp 

𝑎 

𝑏 

1 hyp 
sec 𝜃 = 

cos 𝜃 
= 

adj 
= 

𝑐 

𝑎 

1 hyp 
csc 𝜃 = 

sin 𝜃 
= 

opp 
= 

𝑐 

𝑏 
 

https://www.cuemath.com/trigonometry/sine-function/
https://www.cuemath.com/trigonometry/cosine-function/
https://www.cuemath.com/trigonometry/tangent-function/
https://www.cuemath.com/cotangent-formula/
https://www.cuemath.com/trigonometry/trigonometric-identities/
https://www.cuemath.com/trigonometry/secant-function/
https://www.cuemath.com/trigonometry/cosecant-functions/
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Trigonometric Functions Values 

The trigonometric functions have a domain 𝜃, which is in degrees or radians. 

Some of the principal values of 𝜃 for the different trigonometric functions are 

presented below in a table. 

𝜃 
degrees 

0° 30° 45° 60° 90° 180° 270° 360° 

𝜃 
radians 0 

𝜋 
 

6 

𝜋 
 

4 

𝜋 
 

3 

𝜋 
 

2 
𝜋 

3𝜋 
 

2 
2𝜋 

sin 𝜃 0 
1 

 

2 

1 

√2 
√3 

2 
1 0 −1 0 

cos 𝜃 1 
√3 

 

2 

1 

√2 
1 

 

2 
0 −1 0 1 

tan 𝜃 0 
1 

√3 
1 

 
 

√3 ∞ 0 ∞ 0 

csc 𝜃 ∞ 2 
 

 

√2 
2 

√3 
1 ∞ −1 ∞ 

sec 𝜃 1 
2 

√3 

 
 

√2 2 ∞ −1 ∞ 1 

cot 𝜃 ∞ 
 

 

√3 1 
1 

√3 
0 ∞ 0 ∞ 

 

Trigonometric functions of negative angles 

sin(−𝜃) = − sin 𝜃 , cos(−𝜃) = cos 𝜃 and tan(−𝜃) = − tan 𝜃 

Some useful relationships among trigonometric functions 

1. sin2𝑥 + cos2𝑥 = 1, sec2𝑥 − tan2𝑥 = 1 , csc2 𝑥 − cot2𝑥 = 1 

2. sin 2𝑥 = 2 sin 𝑥 cos 𝑥 , cos 2𝑥 = cos2𝑥 − sin2𝑥 = 1 − 2sin2𝑥 = 2cos2𝑥 − 1 

3. sin2𝑥 = 
1 − cos 2𝑥

 
2 

, cos2𝑥 = 
1 + cos 2𝑥 

2 

https://www.cuemath.com/geometry/degrees/
https://www.cuemath.com/trigonometry/what-is-a-radian/
https://www.cuemath.com/trigonometry/trigonometric-table/
https://www.cuemath.com/geometry/degrees/
https://www.cuemath.com/trigonometry/what-is-a-radian/
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Graphs of Trigonometric Functions 
 

 

Derivatives of trigonometric functions 

If 𝑢 is a function 𝑥, the chain rule version of this differentiation rule is 
 

 

𝑑 
1.  

𝑑𝑥 
𝑑 

(sin 𝑢) = cos 𝑢 . 
𝑑𝑢 
 

 

𝑑𝑥 
𝑑𝑢 

2. 𝑑𝑥 (cos 𝑢) = − sin 𝑢 .  
 

𝑑𝑥 
𝑑 

3.  
𝑑𝑥 

𝑑 
4. 𝑑𝑥 

𝑑 
5.  

(tan 𝑢) = sec2𝑢. 
𝑑𝑢 

𝑑𝑥 

(cot 𝑢) = −csc2𝑢. 
𝑑𝑢 

𝑑𝑥 

 
(sec 𝑢) = sec 𝑢 tan 𝑢 . 

 
 
 
 

 
𝑑𝑢 
 

 

 

𝑑𝑥 

𝑑 
6. 𝑑𝑥 

𝑑𝑥 

𝑑𝑢 
(csc 𝑢) = − csc 𝑢 cot 𝑢 . 

𝑑𝑥 
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Example 1: Find derivatives of the functions 

1. 𝑦 = sin2𝑥 ⇨ 𝑦 = (sin 𝑥)2 ⇨ 
𝑑𝑦 

= 2 sin 𝑥 cos 𝑥 = sin 2𝑥 
𝑑𝑥 

2. 𝑦 = cos(𝑥2) ⇨ 
𝑑𝑦 

= −2𝑥 sin(𝑥2) 
𝑑𝑥 

 
 

3. 𝑦 = tan √𝑥 ⇨ 
𝑑𝑦 

 
 

𝑑𝑥 

 
 

= sec2√𝑥 × 
1 

 

 

2√𝑥 

 
 

sec2√𝑥 
=  

2√𝑥 

4. 𝑦 = 𝑥2 sec 3𝑥 ⇨ 
𝑑𝑦 

= 3𝑥2 sec 3𝑥 tan 3𝑥 + 2𝑥 sec 3𝑥 
𝑑𝑥 

= (𝑥 sec 3𝑥)(2 + 3𝑥 tan 3𝑥) 

5. 𝑦 = √sin 2𝑥 ⇨ 𝑦 = (sin 2𝑥)1⁄2 ⇨ 
𝑑𝑦 

= 
1 

(sin 2𝑥)−1⁄2 × cos 2𝑥 × 2 
𝑑𝑥 2 

cos 2𝑥 
=   

√sin 2𝑥 

Example 2: If  𝑦 = tan 2𝑡  and  𝑥 = sec 2𝑡  show that 

 
𝑑𝑦 

 
 

𝑑𝑥 

 

 
= csc 2𝑡 

𝑑𝑦 
= 2 sec2 2𝑡 , 

𝑑𝑥 
= 2 sec 2𝑡 tan 2𝑡 

𝑑𝑡 
𝑑𝑦 𝑑𝑦 𝑑𝑡 

= × 

𝑑𝑡 

= 2 sec2 2𝑡 × 
1 sec 2𝑡 

= 
𝑑𝑥 𝑑𝑡 𝑑𝑥 

1 
2 sec 2𝑡 tan 2𝑡 tan 2𝑡 

=  cos 2𝑡  = 
1 = csc 2𝑡 

 sin 2𝑡 
cos 2𝑡 

sin 2𝑡 

𝜋 𝑑𝑦 
Example3: If 𝑦 = 𝜃 − cos 𝜃 and 𝑥 = 𝜃 + cos 𝜃 ; (0 ≤ 𝜃 ≤ 

= (sec 𝜃 + tan 𝜃)2 

) show that 
2 𝑑𝑥 

𝑑𝑦 

𝑑𝜃 
= 1 + sin 𝜃 and 

𝑑𝑥 

𝑑𝜃 
= 1 − sin 𝜃 

𝑑𝑦 𝑑𝑦 𝑑𝜃 1 + sin 𝜃 

𝑑𝑥 
= 

𝑑𝜃 
× 

𝑑𝑥 
= 

1 − sin 𝜃 

𝑑𝑦 1 + sin 𝜃 1 + sin 𝜃 

𝑑𝑥 
= 

1 − sin 𝜃 
× 

1 + sin 𝜃 
= 

1 + 2 sin 𝜃 + sin2 𝜃 

1 − sin2 𝜃 
= 

1 + 2 sin 𝜃 + sin2 𝜃 

cos2 𝜃 

𝑑𝑦 

𝑑𝑥 

1 
= 

cos2 𝜃 

2 sin 𝜃 
+ 

cos2 𝜃 

sin2 𝜃 
+ 

cos2 𝜃 
= sec2 𝜃 + 2 sec 𝜃 tan 𝜃 + tan2 𝜃 = (sec 𝜃 + tan 𝜃)2 
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Inverse trigonometric functions 

The inverse trigonometric functions are defined to be the inverses of 

particular parts of the trigonometric functions; parts that do have inverses. 

The inverse sine function, denoted by sin−1 𝑥 (some books use the 

notation arcsin(𝑥)), is defined to be the inverse of the restricted sine 

function. A similar idea holds for all the other inverse trigonometric 

functions. It is important here to note that in this case the “ − 1” is not an 

exponent and so,    sin−1 𝑥 ≠  
1 

sin 𝑥 

In inverse trigonometric functions the “ − 1” looks like an exponent but it 

isn’t, it is simply a notation that we use to denote the fact that we’re dealing 

with an inverse trigonometric function. It is a notation that we use in this 

case to denote inverse trigonometric functions. If we had really wanted 

exponentiation to denote 1 over sine, we would use the following: 

(sin 𝑥)−1 = 
1 

sin 𝑥 
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Derivatives of inverse trigonometric functions 

Let 𝑢 be a function 𝑥, the derivatives of inverse trigonometric functions are: 

𝑑 
1. 

𝑑𝑥 
(sin−1 𝑢) = 

1 

√1 − 𝑢2 

𝑑𝑢 
. 
𝑑𝑥 

𝑑 
2. 

𝑑𝑥 
(cos−1 𝑢) = 

−1 

√1 − 𝑢2 

𝑑𝑢 
. 
𝑑𝑥 

𝑑 
3. 

𝑑𝑥 
(tan−1 𝑢) = 

1 

1 + 𝑢2 

𝑑𝑢 
. 
𝑑𝑥 

𝑑 
4. 

𝑑𝑥 
(cot−1 𝑢) = 

−1 

1 + 𝑢2 

𝑑𝑢 
. 
𝑑𝑥 

𝑑 
5. 

𝑑𝑥 
(sec−1 𝑢) = 

1 

|𝑢|√𝑢2 − 1 

𝑑𝑢 
. 

𝑑𝑥 

𝑑 
6. 

𝑑𝑥 
(csc−1 𝑢) = 

−1 

|𝑢|√𝑢2 − 1 

𝑑𝑢 
. 
𝑑𝑥 

Example 4: Find the derivative for 
1. 

𝑦 = sin−1 2𝑥 ⇨ 
𝑑𝑦 

= 
1 2 

× 2 =  
𝑑𝑥 √1 − (2𝑥)2 √1 − 4𝑥2 

2. 𝑦 = 3𝑥 cos−1 3𝑥 − √1 − 9𝑥2 

𝑑𝑦 −1 
= 3𝑥 × 

 

 

× 3 + 3 cos−1 3𝑥 − 
−18𝑥 

𝑑𝑥 √1 − (3𝑥)2 2√1 − 9𝑥2 

−9𝑥 
= 

√1 − 9𝑥2 
 

3. 𝑦 = 2√𝑥 tan−1 √𝑥 

+ 3 cos−1 3𝑥 + 
9𝑥 

√1 − 9𝑥2 

 
= 3 cos−1 3𝑥 

𝑑𝑦 
 

 

 

 
= 2√𝑥 × 

1 1 1 
 2 ×  + 2 tan−1 √𝑥 ×  = 

 
 

1 tan−1 √𝑥 
+  

𝑑𝑥 1 + (√𝑥) 2√𝑥 2√𝑥 1 + 𝑥 √𝑥 
 

 
 

Find derivative in each of the following problems(1 − 4) 

1. 𝑦 = sec2 2𝑥 2.  𝑦 = 𝑥2 sin 𝑥 + 2𝑥 cos 𝑥 − 2 sin 𝑥 
 
 

  

3.  𝑦 = √𝑥2 − 1 − sec−1 𝑥 4. 𝑦 = 2𝑥 cos−1 √𝑥 + sin−1 √𝑥 − 2√𝑥 − 𝑥2 

𝑑𝑦 
5.  If  𝑦 = 1 − sin 𝜃  and  𝑥 = 𝜃 − sin 𝜃  find 

 

6.  If  𝑦 = sec−1 𝑡 and  𝑥 = √𝑡2 − 1 find 
𝑑𝑦 

𝑑𝑥 

 
 

𝑑𝑥 
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Lecture 11: application of integration  

Application of integration 

1. Area Between Two Curves 

 A- Integration with respect to x  

In the first case the area between y = f (x) and y = g (x) on the interval [𝑎, 𝑏] 

is determined. If it is assumed that f (x) ≥ g ( x) . 

 

B- Integration with respect to y 

 The area between x = f ( y) and x = g ( y) on the interval [𝑐, 𝑑] with f ( y) ≥ g ( y) is 

given by : 

 

 

Ex: Find the area bounded by the x-axis and the curve : 𝑦 = 2𝑥 − 𝑥2. 

Sol:  firstly the point of intersection between the curve and x- axis is calculated by 

making  𝑦 = 0, 

2𝑥 − 𝑥2 = 0 
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𝑥(2 − 𝑥) = 0 . 𝐸𝑖𝑡ℎ𝑒𝑟 𝑥 = 0 𝑜𝑟 𝑥 = 2, 𝐴 = ∫ (2𝑥 − 𝑥2)
2

0
𝑑𝑥 = 

[𝑥2 −
𝑥3

3
]

0

2

= 4 −
8

3
= 1.33 squared unit 

Ex: Find the area bounded by the y-axis and the curve  𝑥 = 𝑦2 − y3 

Sol: For 𝑥 = 0 then  𝑦2(1 − y) = 0 , 𝑦 = 0 and 𝑦 = 1 

𝐴 = ∫ (𝑦2 − y3)
1

0

 𝑑𝑦 =
y3

3
−

𝑦4

4
]

0

1

=
1

3
−

1

4
=

1

12
 

Ex: Determine the area of the region enclosed by: 𝑦 = 𝑥2 and 𝑦 = √𝑥 

Sol: For 𝑦 = √𝑥 − 𝑥2 = 0, √𝑥(1 − x3 2⁄ ) = 0, 𝑥 = 0 and 𝑥 = 1 

𝐴 = ∫ (√𝑥 − 𝑥2)
1

0
𝑑𝑥 = [

2𝑥3 2⁄

3
−

𝑥3

3
]

0

1

=
1

3
  

 

 

 

Ex: Determine the area of the region bounded by: 𝑦 = 2𝑥2 + 10 and 𝑦 = 4𝑥 + 16 

Sol: For 𝑦 = 4𝑥 + 16 − 2𝑥2 − 10 = −2𝑥2 + 4𝑥 + 6 

𝑦 = 0, −2𝑥2 + 4𝑥 + 6 = 0 

𝑥2 − 2𝑥 − 3 = (𝑥 − 3) (𝑥 + 1) 

𝑥 = 3 and 𝑥 = −1 

𝐴 = ∫ [−2𝑥2 + 4𝑥 + 6]
3

−1

𝑑𝑥 = −
2x3

3
+ 2𝑥2 + 6𝑥]

−1

3

 

= [
−2 ∗ 27

3
+ 2 ∗ 9 + 6 ∗ 3 − (

+2

3
+ 2 − 6)] 
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= −18 + 18 + 18 − (−3.334) = 21.334 

 

Ex: Determine the area of the region bounded by: 𝑦 = 2𝑥2 + 10, 𝑦 = 4𝑥 + 16, 

𝑥 = −2, and𝑥 = 5 

Sol:  The area from 𝑥 = −1 to 𝑥 = 3 is (area C)  

calculated from the above example. Areas (A&B)  

are calculated by:  

𝐴𝐴&𝐵 = ∫ (2𝑥2
−1

−2

+ 10 − 4𝑥 − 16)𝑑𝑥 + 

∫ (2𝑥2
5

3

+ 10 − 4𝑥 − 16)𝑑𝑥 

=∫ (2𝑥2−1

−2
− 4𝑥 − 6)𝑑𝑥 + ∫ (2𝑥25

3
− 4𝑥 − 6)𝑑𝑥 

=
2x3

3
− 2𝑥2 − 6𝑥]

−2

−1

+
2x3

3
− 2𝑥2 − 6𝑥]

3

5

=
2(−1 + 8)

3
− 2(1 − 4) − 6(−1 + 2) + 2

125 − 27

3
− 2(25 − 9)

− 6(5 − 3) 

=
14

3
+ 6 − 6 + 2

98

3
− 2(16) − 12 =

14

3
+

196

3
− 32 − 12 =

210

3
− 44

= 70 − 44 = 26 

The total area is𝐴𝐴&𝐵 + 𝐴𝐶 = 26 + 21.3 = 47.3 

2. Volume of the Solids of revolution 

A Solid of revolution is a solid that is generated by revolving a plane region about 

a line that lies in the same plane as the region; the line is called the axis of 

revolution. 
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Ex: Determine the volume of the solid generated by rotating the region bounded by 

𝑓(𝑥) = 𝑥2 − 4𝑥 + 5 and 𝑥 = 1, 𝑥 = 4 about the x-axis.  
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2. Finding volume of a solid of revolution using a washer method.  

This is an extension of the disc method. The procedure is essentially the same, 

but now we are dealing with a hollowed object and two functions instead of one, so 

we have to take the difference of these functions into the account. 
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Ex: Determine the volume of the solid generated by rotating the region bounded by 

𝑦 = √𝑥
3

, and 𝑦 =
𝑥 

4
that lies in the first quadrant about the y-axis. 

 

 



 

Dr. Sarah Muhi Jawad                                  Asst. Lec. Laith Haider 

 

21  

Lecture 3 : Vectors  

Vector components: 

Quantities can be divided into: 

1) scalar: which is defined by magnitude only, for example mass, time... 

2) vector: the quantity which needs magnitude and direction, for example force, 

velocity, acceleration.... 

 

We shall denote the vector from (0,0) to (1,0) by (i) and the vector from 

(0,0) to (0,1) by (j) as shown in figure below: 

 

y 

 

 

 

 

 

 

x 

 

 

 

 

 

 

 

 

Then any vector in the x - y plane can be divided in the terms of i and j. 

(0,1) j 

(0,0) 

i 

(1,0) 
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-4i 

Ex. Sketch the following vectors: 

a) 3i 

b) - 4i 

c) -2i + 3j 

 
y 

Sol.: 

a) 

 

x 

 

 

 

 

 

 

b) 
y 

 

 

x 

 

 

 

 

y 

c) 

 

 

 

 

x 

3i 

-2i+3j 
3j 

-2i 
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Note: when we say the vector 𝐴⃗⃗⃗   𝐵⃗⃗  →  means: This vector directed from point A 

to point B. 

 

Arithmetic operation on vector: y 

1) Addition: 

Let 𝑣⃗ 1→ = 𝑎1𝑖 + 𝑏1𝑗 and 𝑣⃗  2 → = 𝑎2𝑖 + 𝑏2𝑗 

 
Then 𝑣⃗ 1→ + 𝑣⃗  2 → = 𝑎1𝑖 + 𝑏1𝑗 + 𝑎2𝑖 + 𝑏2𝑗 

x 
= (𝑎1 + 𝑎2)𝑖 + (𝑏1 + 𝑏2)𝑗 

 
 
 

 
y 

2) Subtraction: 

Let 𝑣⃗ 1→ = 𝑎1𝑖 + 𝑏1𝑗 and 𝑣⃗  2 → = 𝑎2𝑖 + 𝑏2𝑗 

Then 𝑣⃗ 1→ - 𝑣⃗  2 → = (𝑎1𝑖 + 𝑏1𝑗) − (𝑎2𝑖 + 𝑏2𝑗) 

= (𝑎1 − 𝑎2)𝑖 + (𝑏1 − 𝑏2)𝑗 

 

 
x 

 

 

 

 

3) Multiplication of vector by scalar: 

Let 𝑣⃗→ = 𝑎𝑖 + 𝑏𝑗 and c is scalar. 

then 𝑐𝑣⃗→  = 𝑐(𝑎𝑖 + 𝑏𝑗) = 𝑐𝑎𝑖 + 𝑐𝑏𝑗 

𝑣⃗ 1→ + 
𝑣⃗  →  

 

 

 

 

𝑣⃗ 1→ − 
𝑣⃗  → 



 

Dr. Sarah Muhi Jawad                                  Asst. Lec. Laith Haider 

 

24  

Definitions: 

1) Length of vector: 

The length of vector 𝑣⃗→ = 𝑎𝑖 + 𝑏𝑗 is usually denoted by |𝑣⃗→ | which may be read as 

"The magnitude of 𝑣⃗→ "  . 

|𝑣⃗→| is found using Pythagoras theorem and as follows: 

𝑣⃗→ = 𝑎𝑖 + 𝑏𝑗 
 

|𝑣⃗→| = √𝑎2 + 𝑏2 y 

 

 

 

 

 
x 

a 
 

 

 

2) Zero vector: 

Any vector of length zero is called zero vector 0 →, 

𝑎𝑖 + 𝑏𝑗 = 0 

𝑎𝑖 + 𝑏𝑗 = 0𝑖 + 0𝑗 if and only if a = b = 0. 

 

 

 

3) Unit vector: 

It is part from any vector. This part has length equal to unity and it is used to 

describe the direction of the vector. 

 

𝑢⃗ → = 𝑣⃗ → 
|𝑣⃗ →| 

where 𝑢⃗ → is unit vector of 𝑣⃗→ .  

 

b 
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Ex. Find the unit vector of 𝒗⃗ → = 𝒂𝒊 + 𝒃𝒋 and prove that unit vector depends on 

the angle between the vector and the x - axis? 

 

Sol.: 

𝑢⃗ → = 𝑣⃗ → y 
|𝑣⃗ →| 

 

 

𝑢⃗ → = 
𝑎𝑖+ 𝑏𝑗 

√𝑎2+𝑏2 

 
 
 

 

𝑢⃗ → = 𝑎 
√𝑎2+𝑏2 

 

 
x 

a 

𝑖 + 
𝑏 

𝑗 
√𝑎2+𝑏2 

 
𝑢⃗ → = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 

 

Ex. Find the unit vector of 𝑨⃗ → = 𝟑𝒊 + 𝟒𝒋. 

Sol.: 

𝑢⃗ → = 𝐴⃗⃗⃗
→ 

|𝐴⃗⃗⃗→| 
 
 
 

|𝐴⃗⃗⃗→| = √32 + 42 = 5 

 

 
𝑢⃗ → = 3𝑖+4𝑗 = 0.6i + 0.8j 

5 

since 

𝑢⃗ → = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 

𝑐𝑜𝑠𝜃 = 0.6 

∴ 𝜃 = 53o 

 

b 
𝜃 
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Vector in Space: 

Now we shall consider the vector in three dimensional space as follows: 

(i) as a vector pointing from (0,0,0) to (1,0,0) 

(j) as a vector pointing from (0,0,0) to (0,1,0) 

(k) as a vector pointing from (0,0,0) to (0,0,1) 

 

z 

 

 

 

 

 

 

 

 

y 

 

 

 

 

 

x 

 

 

 

Any vector 𝐴⃗⃗⃗→ for example may be represented as: 

𝐴⃗⃗⃗→ = 𝑎𝑖 + 𝑏𝑗 + 𝑐𝑘 

and 
 

|𝐴⃗⃗⃗→| = √𝑎2 + 𝑏2 + 𝑐2 

k 

j 
i 
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Ex.: Find a unit vector in the direction of vector from p1(1,0,1) and p2(3,2,0). 

Sol.: 

𝑝⃗⃗⃗   1⃗⃗  𝑝⃗⃗⃗    2→ = (3 - 1 )i + (2 - 0)j + (0 - 1)k 

𝑝⃗⃗⃗   1⃗⃗  𝑝⃗⃗⃗    2→ = 2i + 2j - k 
 

|𝑝⃗⃗⃗   1⃗⃗  𝑝⃗⃗⃗    2→| = √4 + 4 + 1 = √9 = 3 

𝑢⃗ → = 
 𝑝⃗⃗⃗   1⃗⃗   𝑝⃗⃗⃗   2 →  

= 
2𝑖+2𝑗−𝑘 

= 
2 
𝑖 + 

2 
𝑗 − 

1 
𝑘 

|𝑝⃗⃗⃗   1⃗⃗   𝑝⃗⃗⃗   2 →|
 3 

3 3 3 

 
Scalar product (dot product): 

The scalar or dot product of two vectors 𝐴⃗⃗⃗→ and 𝐵⃗⃗ → ,  denoted by 𝐴⃗⃗⃗→. 𝐵⃗⃗ → (read 𝐴⃗⃗⃗→ dot 𝐵⃗⃗ → ) ,  

is defined as the product of the magnitudes of 𝐴⃗⃗⃗→ and 𝐵⃗⃗ → and the cosine of the angle 

𝜃 between them. 

 

 

𝐴⃗⃗⃗→. 𝐵⃗⃗ → = |𝐴⃗⃗⃗→|. |𝐵⃗⃗ → | 𝑐𝑜𝑠𝜃 , 0 ≤ 𝜃 ≤ 𝜋 
 
 
The following laws was valid: 

1. 𝐴⃗⃗⃗→. 𝐵⃗⃗ → = 𝐵⃗⃗ → . 𝐴⃗⃗⃗→ 

2. 𝐴⃗⃗⃗→. (𝐵⃗⃗ → + 𝐶→) = 𝐴⃗⃗⃗→. 𝐵⃗⃗ → + 𝐴⃗⃗⃗→. 𝐶→ 

3. i.i = j.j=k.k = 1, i.j = j.k = k.i = 0 

 

The dot product can be used to find: 

1) The angle between two vectors. 

2) 
The projection of vector 𝐵⃗⃗ → on 𝐴⃗⃗⃗→ = |𝐵⃗⃗ → |  𝑐𝑜𝑠𝜃 = 

𝐴⃗⃗⃗→.𝐵⃗⃗ → 

|𝐴⃗⃗⃗| 

3) 
The projection of 𝐴⃗⃗⃗→ on 𝐵⃗⃗ → = |𝐴⃗⃗⃗→| 𝑐𝑜𝑠𝜃 = 

𝐴⃗⃗⃗→.𝐵⃗⃗ → 

|𝐵⃗⃗| 
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Ex. Find the angle between 𝑨⃗ → = 𝒊 − 𝟐𝒋 − 𝟐𝒌 and 𝑩⃗⃗  → = 𝟔𝒊 + 𝟑𝒋 + 𝟐𝒌 also find 

the projection of 𝑨⃗ → 𝒐𝒏 𝑩⃗⃗  → and 𝑩⃗⃗  → 𝒐𝒏 𝑨⃗ →. 

Sol.: 

1) 𝐴⃗⃗⃗→. 𝐵⃗⃗ → = |𝐴⃗⃗⃗→|. |𝐵⃗⃗ → | 𝑐𝑜𝑠𝜃 

cosθ = 
A →.B → 

|A →|.|B →| 

𝐴⃗⃗⃗→. 𝐵⃗⃗ → = 1*6 + (-2)*3 + (-2)*2 = - 4 

|𝐴⃗⃗⃗→| = √1 + 4 + 4 = 3 

|𝐵⃗⃗ → |  = √36 + 9 + 4 = 7 

cosθ = 
−4 

3∗7 

𝜃 = 101𝑜 

= 
−4 

21 
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The projection of 𝐴⃗⃗⃗→ on 𝐵⃗⃗ → = |𝐴⃗⃗⃗→| 𝑐𝑜𝑠𝜃 = 
𝐴⃗⃗⃗→.𝐵⃗⃗ → 

= 
−4 

|𝐵⃗⃗| 7 

2) 
The projection of vector 𝐵⃗⃗ → on 𝐴⃗⃗⃗→ = |𝐵⃗⃗ → |  𝑐𝑜𝑠𝜃 = 

𝐴⃗⃗⃗→.𝐵⃗⃗ → 
= 

−4 

|𝐴⃗⃗⃗| 3 

 
Orthogonal vectors: 

The two vectors 𝐴⃗⃗⃗→ and 𝐵⃗⃗ → are orthogonal if and only if: 

𝐴⃗⃗⃗→. 𝐵⃗⃗ → = 0
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Lecture 6 : partial derivation  
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Dr. Sarah Muhi Jawad                                  Asst. Lec. Laith Haider 

 

40 
 

Lecture 8 : Integration 

Introduction to Integration 

Integration is a way of adding slices to find the whole. Integration can be used to 

find areas, volumes, central points and many useful things.  

Basic rules of integration  
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Lect. 12  

Example(1) 
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Lecture 4 : Derivative 

 

The process of calculating a derivative is called differentiation. The notations:  

  𝑓 ′ (𝑥) , 𝑦′ , 𝑑𝑦/𝑑𝑥,
𝑑

𝑑𝑥
[𝑓(𝑥)] 

 Derivative by definition: 
𝑑𝑦

𝑑𝑥
= lim

∆𝑥→0

𝑓(𝑥 + ∆𝑥) − 𝑓(𝑥)

∆𝑥
 

Ex: Find the derivative of the function 𝑓(𝑥) =
1

√𝑥
 

Sol:      

𝑑𝑦

𝑑𝑥
= lim

∆𝑥→0

1

√𝑥 + ∆𝑥
−

1

√𝑥
∆𝑥

=
0

0
 

 

 

 = lim
∆𝑥→0

√𝑥−√𝑥+∆𝑥

∆𝑥√𝑥√𝑥+∆𝑥 
∗

√𝑥+√𝑥+∆𝑥

√𝑥+√𝑥+∆𝑥
 

                                         = lim
∆𝑥→0

𝒙−𝒙−∆𝒙

∆𝒙(√𝑥+∆𝑥 )(√𝑥+√𝑥+∆𝑥)
   = 

−𝟏

𝒙(𝟐√𝒙)
 

 

 

Ex: Find the derivative of the function 𝑓(𝑥) = 𝑥2 

 

Sol:  
𝑑𝑦

𝑑𝑥
= lim

∆𝑥→0

(𝑥+∆𝑥)2−𝑥2

∆𝑥
= lim

∆𝑥→0

𝑥2+2𝑥∆𝑥+(∆𝑥)2−𝑥2

∆𝑥
 = 2𝑥 

 

Rules of derivatives: 

 

 Let c and n are constants u, v, and w are differentiable functions of 𝑥. 
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Ex: Find 𝒅𝒚/𝒅𝒙 for the following functions 

1. 𝑦 = (𝑥2 + 2𝑥 + 1)5
 

𝑑𝑦

𝑑𝑥
= 5(𝑥2 + 2𝑥 + 1)4 ∗ (2𝑥 + 2) 

 

2- 𝑦 =
𝑥2−1

𝑥2+𝑥−2
 

𝑑𝑦

𝑑𝑥
=

(𝑥2 + 𝑥 − 2) ∗ (2𝑥) − (𝑥2 − 1)(2𝑥 + 1)

(𝑥2 + 𝑥 − 2)2
 

 =
2𝑥3+2𝑥2−4𝑥−2𝑥3−𝑥2+2𝑥+1

(𝑥2+𝑥−2)2 =
𝑥2−2𝑥+1

(𝑥2+𝑥−2)2 

 

 

3. 𝑦 = 𝑒(𝑥+𝑒5𝑥) 

𝑑𝑦

𝑑𝑥
= 𝑒(𝑥+𝑒5𝑥)(1 + 5𝑒5𝑥) 

 

4. 𝑦 = (2𝑥)2 

          
𝑑𝑦

𝑑𝑥
= 2 ∗ 2𝑥 ∗ 2𝑥𝑙𝑛2 = 2𝑥+1𝑙𝑛2 
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5. 𝑦 =  𝑒√1+𝑥2
 

𝑑𝑦

𝑑𝑥
= 𝑒√1+𝑥2

∗
2𝑥

2√1 + 𝑥2
 

 

6. 𝑦 = 2𝑥 ∗ 3𝑥 

𝑑𝑦

𝑑𝑥
= 2𝑥. 3𝑥 ln 3 + 3𝑥 ∗ 2𝑥 ln 2 

𝑑𝑦

𝑑𝑥
= 2𝑥. 3𝑥(ln 3 + ln 2) 

 

 

Home work:  

 

Using the definition of derivative , find the derivative of the following functions: 

 𝑦 =
1

𝑥+1
                  𝑦 =

𝑥2

(𝑥−1)2
  𝑦 = √𝑥

3
             𝑦 =

𝑥2

(𝑥−1)2
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Lecture 7 : Limits and Continuity 

Definition of Limits: Let f be a function defined on an open interval containing c 

(possibly except at c) and let L be a real number, then lim
𝑥→𝑐

𝑓(𝑥) = 𝐿 , which is read 

as "the limit of 𝑓(𝑥) as x approaches c is L" 

 Limits properties 

 

7. If 𝑓(𝑥) = 𝑘, then lim
𝑥→𝑐

𝑓(𝑥) = 𝑘 where c and k are real numbers. 

8. Polynomial  lim
𝑥→𝑐

( 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥2 + ⋯ + 𝑎𝑛𝑥𝑛) = 𝑎0 + 𝑎1 ∗ 𝑐 + 𝑎2 ∗ 𝑐2 +

⋯ + 𝑎𝑛 ∗ 𝑐𝑛. 

9.  
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Notes: 

1. 
0

0
,

∞

∞
, ∞ − ∞, 0 ∗ ∞ are all undefined quantities. 

2. If any constant is divided by ∞ the result is zero. 

 

Ex1:  Find the following limits: 

 

 

( c) Numerator and Denominator of Same Degree 

 

(d) Degree of Numerator Less Than Degree of Denominator 

 

Note: In rational functions divide both the numerator and denominator by the 

largest power of x in the denominator as:  

1. lim 
𝑥→±∞

 
𝑓(𝑥)

𝑔(𝑥)
= 0, If deg. (f) <deg.(g) . 

2. lim 
𝑥→±∞

 
𝑓(𝑥)

𝑔(𝑥)
= 𝑐𝑜𝑛𝑠. If deg. (f)=deg.(g) 

3. lim 
𝑥→±∞

 
𝑓(𝑥)

𝑔(𝑥)
= ∞ .If deg. (f)> deg.(g) 
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Ex2:  Find the following limits: 
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Ex:3     
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(b) 

 

Home Work 

1. lim
𝑥→2

𝑥−2

𝑥2−4
  Ans.(1/4)           2.lim

𝑥→2

𝑥−2

√𝑥2−4
   Ans.(0) 

3. lim
𝑥→0

√(𝑥+1)−1

𝑥
 hint: multiply by 

√(𝑥+1)+1

√(𝑥+1)+1
  Ans. (0.5) 

4. lim
𝑥→0

𝑡𝑎𝑛𝑥

𝑥
  Ans.(1)  

5. lim
𝑥→𝜋/2

𝑐𝑜𝑠𝑥
𝜋

2
−𝑥

    Take 
𝜋

2
− 𝑥 = 𝑧   Ans.(1)  

6.  𝑙𝑖𝑚
𝑥→∞

 𝑥𝑠𝑖𝑛
1

𝑥
  Take  z =

𝟏

𝒙
  ,  Ans.(1) 

7. 𝑙𝑖𝑚
𝑥→∞

(√𝑥2 + 6𝑥 + 1 − √𝑥2 + 𝑥) hint: multiply by 
(√𝑥2+6𝑥+1+√𝑥2+𝑥)

(√𝑥2+6𝑥+1+√𝑥2+𝑥)
  Ans.(5/2) 
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Lecture 3 : Vectors  

Vector components: 

Quantities can be divided into: 

1) scalar: which is defined by magnitude only, for example mass, time... 

2) vector: the quantity which needs magnitude and direction, for example force, 

velocity, acceleration.... 

 

We shall denote the vector from (0,0) to (1,0) by (i) and the vector 

from (0,0) to (0,1) by (j) as shown in figure below: 

 

y 

 

 

 

 

 

 

x 

 

 

 

 

 

 

 

 

Then any vector in the x - y plane can be divided in the terms of i and j. 

(0,1
) 

j 

(0,0
) 

i 

(1,0

) 
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-4i 

Ex. Sketch the following vectors: 

a) 3i 

b) - 4i 

c) -2i + 3j 

 
y 

Sol.: 

a) 

 

x 

 

 

 

 

 

 

b) 
y 

 

 

x 

 

 

 

 

y 

c) 

 

 

 

 

x 

3i 

-2i+3j 
3j 

-2i 
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Note: when we say the vector 𝐴⃗⃗⃗   𝐵⃗⃗  →  means: This vector directed from point A 

to point B. 

 

Arithmetic operation on vector: y 

1) Addition: 

Let 𝑣⃗ 1→ = 𝑎1𝑖 + 𝑏1𝑗 and 𝑣⃗  2 → = 𝑎2𝑖 + 𝑏2𝑗 

 
Then 𝑣⃗ 1→ + 𝑣⃗  2 → = 𝑎1𝑖 + 𝑏1𝑗 + 𝑎2𝑖 + 𝑏2𝑗 

x 
= (𝑎1 + 𝑎2)𝑖 + (𝑏1 + 𝑏2)𝑗 

 
 
 

 
y 

2) Subtraction: 

Let 𝑣⃗ 1→ = 𝑎1𝑖 + 𝑏1𝑗 and 𝑣⃗  2 → = 𝑎2𝑖 + 𝑏2𝑗 

Then 𝑣⃗ 1→ - 𝑣⃗  2 → = (𝑎1𝑖 + 𝑏1𝑗) − (𝑎2𝑖 + 𝑏2𝑗) 

= (𝑎1 − 𝑎2)𝑖 + (𝑏1 − 𝑏2)𝑗 

 

 
x 

 

 

 

 

3) Multiplication of vector by scalar: 

Let 𝑣⃗→ = 𝑎𝑖 + 𝑏𝑗 and c is scalar. 

then 𝑐𝑣⃗→  = 𝑐(𝑎𝑖 + 𝑏𝑗) = 𝑐𝑎𝑖 + 𝑐𝑏𝑗 

𝑣⃗ 1→ + 
𝑣⃗  →  

 

 

 

 

𝑣⃗ 1→ − 
𝑣⃗  → 
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Definitions: 

1) Length of vector: 

The length of vector 𝑣⃗→ = 𝑎𝑖 + 𝑏𝑗 is usually denoted by |𝑣⃗→ | which may be read as 

"The magnitude of 𝑣⃗→ "  . 

|𝑣⃗→| is found using Pythagoras theorem and as follows: 

𝑣⃗→ = 𝑎𝑖 + 𝑏𝑗 
 

|𝑣⃗→| = √𝑎2 + 𝑏2 y 

 

 

 

 

 
x 

a 
 

 

 

2) Zero vector: 

Any vector of length zero is called zero vector 0 →, 

𝑎𝑖 + 𝑏𝑗 = 0 

𝑎𝑖 + 𝑏𝑗 = 0𝑖 + 0𝑗 if and only if a = b = 0. 

 

 

 

3) Unit vector: 

It is part from any vector. This part has length equal to unity and it is used to 

describe the direction of the vector. 

 

𝑢⃗ → = 𝑣⃗ → 
|𝑣⃗ →| 

where 𝑢⃗ → is unit vector of 𝑣⃗→ .  

 

b 
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Ex. Find the unit vector of 𝒗⃗ → = 𝒂𝒊 + 𝒃𝒋 and prove that unit vector depends on 

the angle between the vector and the x - axis? 

 

Sol.: 

𝑢⃗ → = 𝑣⃗ → y 
|𝑣⃗ →| 

 

 

𝑢⃗ → = 
𝑎𝑖+ 𝑏𝑗 

√𝑎2+𝑏2 

 
 
 

 

𝑢⃗ → = 𝑎 
√𝑎2+𝑏2 

 

 
x 

a 

𝑖 + 
𝑏 

𝑗 
√𝑎2+𝑏2 

 
𝑢⃗ → = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 

 

Ex. Find the unit vector of 𝑨⃗ → = 𝟑𝒊 + 𝟒𝒋. 

Sol.: 

𝑢⃗ → = 𝐴⃗⃗⃗
→ 

|𝐴⃗⃗⃗→| 
 
 
 

|𝐴⃗⃗⃗→| = √32 + 42 = 5 

 

 
𝑢⃗ → = 3𝑖+4𝑗 = 0.6i + 0.8j 

5 

since 

𝑢⃗ → = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 

𝑐𝑜𝑠𝜃 = 0.6 

∴ 𝜃 = 53o 

 

b 
𝜃 
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Vector in Space: 

Now we shall consider the vector in three dimensional space as follows: 

(i) as a vector pointing from (0,0,0) to (1,0,0) 

(j) as a vector pointing from (0,0,0) to (0,1,0) 

(k) as a vector pointing from (0,0,0) to (0,0,1) 

 

z 

 

 

 

 

 

 

 

 

y 

 

 

 

 

 

x 

 

 

 

Any vector 𝐴⃗⃗⃗→ for example may be represented as: 

𝐴⃗⃗⃗→ = 𝑎𝑖 + 𝑏𝑗 + 𝑐𝑘 

and 
 

|𝐴⃗⃗⃗→| = √𝑎2 + 𝑏2 + 𝑐2 

k 

j 
i 
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Ex.: Find a unit vector in the direction of vector from p1(1,0,1) and p2(3,2,0). 

Sol.: 

𝑝⃗⃗⃗   1  𝑝⃗⃗⃗    2→ = (3 - 1 )i + (2 - 0)j + (0 - 1)k 

𝑝⃗⃗⃗   1  𝑝⃗⃗⃗    2→ = 2i + 2j - k 
 

|𝑝⃗⃗⃗   1  𝑝⃗⃗⃗    2→| = √4 + 4 + 1 = √9 = 3 

𝑢⃗ → = 
 𝑝⃗⃗⃗   1   𝑝⃗⃗⃗   2 →  

= 
2𝑖+2𝑗−𝑘 

= 
2 
𝑖 + 

2 
𝑗 − 

1 
𝑘 

|𝑝⃗⃗⃗   1   𝑝⃗⃗⃗   2 →|
 3 

3 3 3 

 
Scalar product (dot product): 

The scalar or dot product of two vectors 𝐴⃗⃗⃗→ and 𝐵⃗⃗ → ,  denoted by 𝐴⃗⃗⃗→. 𝐵⃗⃗ → (read 𝐴⃗⃗⃗→ dot 𝐵⃗⃗ → ) ,  

is defined as the product of the magnitudes of 𝐴⃗⃗⃗→ and 𝐵⃗⃗ → and the cosine of the angle 

𝜃 between them. 

 

 

𝐴⃗⃗⃗→. 𝐵⃗⃗ → = |𝐴⃗⃗⃗→|. |𝐵⃗⃗ → | 𝑐𝑜𝑠𝜃 , 0 ≤ 𝜃 ≤ 𝜋 
 
 
The following laws was valid: 

1. 𝐴⃗⃗⃗→. 𝐵⃗⃗ → = 𝐵⃗⃗ → . 𝐴⃗⃗⃗→ 

2. 𝐴⃗⃗⃗→. (𝐵⃗⃗ → + 𝐶→) = 𝐴⃗⃗⃗→. 𝐵⃗⃗ → + 𝐴⃗⃗⃗→. 𝐶→ 

3. i.i = j.j=k.k = 1, i.j = j.k = k.i = 0 

 

The dot product can be used to find: 

1) The angle between two vectors. 

2) 
The projection of vector 𝐵⃗⃗ → on 𝐴⃗⃗⃗→ = |𝐵⃗⃗ → |  𝑐𝑜𝑠𝜃 = 

𝐴⃗⃗⃗→.𝐵⃗⃗ → 

|𝐴⃗⃗⃗| 

3) 
The projection of 𝐴⃗⃗⃗→ on 𝐵⃗⃗ → = |𝐴⃗⃗⃗→| 𝑐𝑜𝑠𝜃 = 

𝐴⃗⃗⃗→.𝐵⃗⃗ → 

|𝐵⃗⃗| 
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Ex. Find the angle between 𝑨⃗ → = 𝒊 − 𝟐𝒋 − 𝟐𝒌 and 𝑩⃗⃗  → = 𝟔𝒊 + 𝟑𝒋 + 𝟐𝒌 also find 

the projection of 𝑨⃗ → 𝒐𝒏 𝑩⃗⃗  → and 𝑩⃗⃗  → 𝒐𝒏 𝑨⃗ →. 

Sol.: 

1) 𝐴⃗⃗⃗→. 𝐵⃗⃗ → = |𝐴⃗⃗⃗→|. |𝐵⃗⃗ → | 𝑐𝑜𝑠𝜃 

cosθ = 
A →.B → 

|A →|.|B →| 

𝐴⃗⃗⃗→. 𝐵⃗⃗ → = 1*6 + (-2)*3 + (-2)*2 = - 4 

|𝐴⃗⃗⃗→| = √1 + 4 + 4 = 3 

|𝐵⃗⃗ → |  = √36 + 9 + 4 = 7 

cosθ = 
−4 

3∗7 

𝜃 = 101𝑜 

= 
−4 

21 
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The projection of 𝐴⃗⃗⃗→ on 𝐵⃗⃗ → = |𝐴⃗⃗⃗→| 𝑐𝑜𝑠𝜃 = 
𝐴⃗⃗⃗→.𝐵⃗⃗ → 

= 
−4 

|𝐵⃗⃗| 7 

2) 
The projection of vector 𝐵⃗⃗ → on 𝐴⃗⃗⃗→ = |𝐵⃗⃗ → |  𝑐𝑜𝑠𝜃 = 

𝐴⃗⃗⃗→.𝐵⃗⃗ → 
= 

−4 

|𝐴⃗⃗⃗| 3 

 
Orthogonal vectors: 

The two vectors 𝐴⃗⃗⃗→ and 𝐵⃗⃗ → are orthogonal if and only if: 

𝐴⃗⃗⃗→. 𝐵⃗⃗ → = 0
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 Lec : 3  Derivatives of trigonometric functions 

If 𝑢 is a function 𝑥, the chain rule version of this differentiation rule is 
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Inverse trigonometric functions 
The inverse trigonometric functions are defined to be the inverses of particular 

parts of the trigonometric functions; parts that do have inverses. The inverse 

sine function, denoted by sin−1 𝑥 (some books use the notation arcsin(𝑥)), is 

defined to be the inverse of the restricted sine function. A similar idea holds for 

all the other inverse trigonometric functions. It is important here to note that in 

this case the “ − 1” is not an exponent and so,   

 

In inverse trigonometric functions the “ − 1” looks like an exponent but it isn’t, 

it is simply a notation that we use to denote the fact that we’re dealing with an 

inverse trigonometric function. It is a notation that we use in this case to denote 

inverse trigonometric functions. If we had really wanted exponentiation to denote 

1 over sine, we would use the following: 

(sin 𝑥)−1 = 
1 

sin 𝑥 
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Home Work : 
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Lecturer  3 : Trigonometric functions and some applications 

Trigonometric functions 

There are six basic trigonometric functions used in Trigonometry. These functions are 

trigonometric ratios. The six basic trigonometric functions are sine  function, cosine  

function,  secant  function,  co-secant function, tangent function, and co-tangent 

function. The trigonometric functions and identities are the ratio of sides of a right-angled 

triangle. The sides of a right triangle are the perpendicular side, hypotenuse, and base, 

which are used to calculate the sine, cosine, tangent, secant, cosecant, and cotangent values 

using trigonometric formulas. 

A right triangle is a triangle with a right angle (90°) 

 

 

For every angle 𝜃 in the triangle, there is the side of the triangle adjacent to it, the side 

opposite of it and the hypotenuse such that 𝑎2 + 𝑏2 = 𝑐2. 

 

https://www.cuemath.com/trigonometry/sine-function/
https://www.cuemath.com/trigonometry/cosine-function/
https://www.cuemath.com/trigonometry/cosine-function/
https://www.cuemath.com/trigonometry/tangent-function/
https://www.cuemath.com/cotangent-formula/
https://www.cuemath.com/trigonometry/trigonometric-identities/
https://www.cuemath.com/trigonometry/secant-function/
https://www.cuemath.com/trigonometry/cosecant-functions/
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EX 1 : In triangle PQR determine sin θ, cos θ and tan θ 

 

Sol:  
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EX : 2 / In triangle ABC of Figure , determine length AC, sin C, cosC, tanC, sin A, 

cos A and tan A 

 

By Pythagoras, AC2 = AB2 + BC2 

i.e. AC2 = 3.472 +4.622 

from which AC =  √3.47 2 + 4.622    = 5.778cm 
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EX : 3 / If tan B = 
8

15
 , determine the value of sin B, 

cos B, sin A and tan A 

SOL:  

A right-angled triangle ABC is shown in figure If  

tan B = 
8

15
  , then AC = 8 and BC = 15. 

 

 

the trigonometric functions are defined as follows: 
 

 

Trigonometric functions of negative angles 

sin(−𝜃) = − sin 𝜃 , cos(−𝜃) = cos 𝜃 and tan(−𝜃) = − tan 𝜃 
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Lecture 5: Partial Derivatives 

1. Introduction 

In many real-life applications, functions depend on more than one variable such as 

f(x, y) or f(x, y, z). To understand how the function changes when only one 

variable changes while all others remain constant, we use partial derivatives. 

2. Definition 

If f(x, y) is a function of two variables, then the partial derivative with 

respect to x is: 

∂f

∂x
  

Meaning: differentiate with respect to x while treating y as a constant. 

Similarly,  

∂f

∂y
 

 is the derivative with respect to y. 

 

Example 1: 

f(x, y) = x2 y + 5y 

∂f

∂x
  = 2xy 

∂f

∂y
   = x2 + 5 
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Example 2: 

f(x, y) = sin(x y) 

∂f

∂x
   = cos(xy) * y 

∂f

∂y
  = cos (x y) * x 

Example 3: 

f(x, y, z) = x2 + yz + exz 

f_x = 2x + z exz 

f_y = z 

f_z = y + x exz  
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2- Derivatives of the Natural Logarithm Function (ln) 

1. Derivative of ln(x) in One Variable 

d/dx ln(x) =    
1

x
   ,    x > 0 

- Example: 

d

dx
    ln (3x2 + 1) = (1 / (3x2 + 1)) * 6x = 

6x

(3x2 + 1) 
    

3- Partial Derivative of a Multivariable ln Function 

If we have f(x, y) = ln(xy + y^2), the partial derivatives are: 

1. ∂f/∂x 

f = ln(u), u = xy + y^2 

∂f/∂x = 1/u * ∂u/∂x = 1/(xy + y^2) * y = y / (xy + y^2) 
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4- More Complex ln Function 

Example: f(x, y, z) = ln(xy + z2) 

Partial derivative w.r.t x: ∂f/∂x = 1/(xy + z2) * y = y / (xy + z2) 

Partial derivative w.r.t y: ∂f/∂y = 1/(xy + z2) * x = x / (xy + z2) 

Partial derivative w.r.t z: ∂f/∂z = 1/(xy + z2) * 2z = 2z / (xy + z2) 

5- Derivative of ex in One Variable 

d/dx ex = ex 

- Basic rule: the derivative of ex is itself. 

- Example: 

d/dx e 3x = 3 e 3x 

Partial Derivative of a Multivariable Exponential Function 

If we have f(x, y) = e xy + y2, the partial derivatives are: 

1. ∂f/∂x 

f = eu, u = xy + y2 

∂f/∂x = eu * ∂u/∂x = e xy + y2 * y = y e xy + y2 

∂f/∂y 

∂u/∂y = x + 2y 

∂f/∂y = eu * (x + 2y) = (x + 2y) e xy + y2 

More Complex Exponential Functions 

Example: f(x, y, z) = e xy + z2 

Partial derivative w.r.t x: ∂f/∂x = e(xy + z2) * y = y e(xy + z2) 

Partial derivative w.r.t y: ∂f/∂y = e(xy + z2) * x = x e (xy + z2) 

Partial derivative w.r.t z: ∂f/∂z = e (xy + z2) * 2z = 2z e (xy + z2) 


