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Method Of Integration 

1. Integration By Part 

 

Then equation (*) is the integration by part formula. In this method the 

term ∫ 𝑢𝑑𝑣 is converted to another form that is integrated easily.  

Ex: By using  integration by part formula find the integral of 𝑥 𝑐𝑜𝑠𝑥 𝑑𝑥. 

Sol: 

 

Ex: By using  integration by part formula find the integral of 𝑙𝑛 𝑥 𝑑𝑥. 
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Ex : Find the integral of 𝑥2𝑒𝑥𝑑𝑥 

 

Ex : Find the integral of 𝑐𝑜𝑠𝑥 𝑒𝑥𝑑𝑥 
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Home work: 
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2.  An Integral with an even power of 𝒔𝒊𝒏 𝒙 and 𝒄𝒐𝒔 𝒙:

.    

For odd power. 𝑠𝑖𝑛2𝑥 = 1 − 𝑐𝑜𝑠2𝑥  and  𝑐𝑜𝑠2𝑥 = 1 − 𝑠𝑖𝑛2𝑥. 

3. Integration of  the products of  sines  and cosines.  

∫ 𝑠𝑖𝑛𝑚𝑥 𝑐𝑜𝑠𝑛𝑥 
Relevant Identities 

n odd 𝑐𝑜𝑠2𝑥 = 1 − 𝑠𝑖𝑛2𝑥. 
m even 𝑠𝑖𝑛2𝑥 = 1 − 𝑐𝑜𝑠2𝑥 

m even 

n  odd 
𝑠𝑖𝑛2𝑥 =

1

2
(1 − 𝑐𝑜𝑠2𝑥) 

 𝑐𝑜𝑠2𝑥 =
1

2
(1 + 𝑐𝑜𝑠2𝑥) 

 

4. Integration of  the products of  𝒔𝒊𝒏𝒎𝒙 𝒄𝒐𝒔𝒏𝒙 

 
5. Partial Fractions 
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Ex:  Evaluate the integral of 
𝑥+5

(𝑥−4)(𝑥−1)
  . 

Sol: 
𝑥+5

(𝑥−4)(𝑥−1)
=

𝐴

𝑥−4
−

𝐵

𝑥−1
  

𝑥 + 5 = 𝐴(𝑥 − 1) + 𝐵(𝑥 − 4) 

1 = 𝐴 + 𝐵 

 5 = −𝐴 − 4𝐵 

  6 = −3𝐵 then 𝐵 = −2, 𝐴 = 3  

𝑥 + 5

(𝑥 − 4)(𝑥 − 1)
=

3

𝑥 − 4
+

2

𝑥 − 1
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Then ∫
𝑥+5

(𝑥−4)(𝑥−1)
 𝑑𝑥 = ∫ (

3

𝑥−4
+

2

𝑥−1
) 𝑑𝑥 = 3𝑙𝑛 (𝑥 − 4) + 2𝑙𝑛(𝑥 − 1) + 𝑐 

Ex: Evaluate the integral of 
2𝑥−2

(𝑥+5)(𝑥+2)(𝑥−3)
 

Sol: 

 

 

   ∫
2𝑥−2

(𝑥+5)(𝑥+2)(𝑥−3)
 𝑑𝑥 = ∫ [−

1

2

1

𝑥+5
+

2

5

1

𝑥+5
+

1

10

1

𝑥−3
]  𝑑𝑥 

= −
1

2
ln(𝑥 + 5) +

2

5
ln(𝑥 + 5) +

1

10
ln(𝑥 − 3) + 𝑐 

Ex: Evaluate the integral of  
 4𝑥

(𝑥−2)2
 

Sol: 

 

  

𝑨 = 𝟒, 0 = −2 ∗ 4 + 𝐵 then 𝑩 = 𝟖 

∫
 4𝑥

(𝑥 − 2)2
 𝑑𝑥 = ∫ [

4

𝑥 − 2
+

8

(𝑥 − 2)2
] 𝑑𝑥 = 4 𝑙𝑛 (𝑥 − 2) −

8

𝑥 − 2
+ 𝑐 

Ex: Evaluate the integral of 
𝑥2−2𝑥−5

𝑥3−5𝑥2
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∫
𝑥2 − 2𝑥 − 5

𝑥3 − 5𝑥2
= ∫ [

3/5

𝑥
+

1

𝑥2
+

2/5

𝑥 − 5
] 𝑑𝑥 

=
3

5
𝑙𝑛𝑥 −

1

𝑥
+

2

5
ln(𝑥 − 5) + 𝑐 

Ex: Find the integral of 
𝑥2+4𝑥+12

(𝑥−2)(𝑥2+4)
 

 

∫
𝑥2 + 4𝑥 + 12

(𝑥 − 2)(𝑥2 + 4)
𝑑𝑥 = 

∫ [
3

(𝑥 − 2)
+

−2𝑥

(𝑥2 + 4)
] 𝑑𝑥 = 3 ln(𝑥 − 2) − ln (𝑥2 + 4) + 𝐶 

Home work: 
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Application of integration 

1. Area Between Two Curves 

 A- Integration with respect to x  

In the first case the area between y = f (x) and y = g (x) on the 

interval [𝑎, 𝑏] is determined. If it is assumed that f (x) ≥ g ( x) . 

 

B- Integration with respect to y 

 The area between x = f ( y) and x = g ( y) on the interval [𝑐, 𝑑] with f ( y) 

≥ g ( y) is given by : 

 

 

Ex: Find the area bounded by the x-axis and the curve : 𝑦 = 2𝑥 − 𝑥2. 

Sol:  firstly the point of intersection between the curve and x- axis is 

calculated by making  𝑦 = 0, 

2𝑥 − 𝑥2 = 0 

𝑥(2 − 𝑥) = 0 . 𝐸𝑖𝑡ℎ𝑒𝑟 𝑥 = 0 𝑜𝑟 𝑥 = 2, 𝐴 = ∫ (2𝑥 − 𝑥2)
2

0
𝑑𝑥 = 

[𝑥2 −
𝑥3

3
]

0

2

= 4 −
8

3
= 1.33 squared unit 
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Ex: Find the area bounded by the y-axis and the curve  𝑥 = 𝑦2 − y3 

Sol: For 𝑥 = 0 then  𝑦2(1 − y) = 0 , 𝑦 = 0 and 𝑦 = 1 

𝐴 = ∫ (𝑦2 − y3)
1

0

 𝑑𝑦 =
y3

3
−

𝑦4

4
]

0

1

=
1

3
−

1

4
=

1

12
 

Ex: Determine the area of the region enclosed by: 𝑦 = 𝑥2 and 𝑦 = √𝑥 

Sol: For 𝑦 = √𝑥 − 𝑥2 = 0, √𝑥(1 − x3 2⁄ ) = 0, 𝑥 = 0 and 𝑥 = 1 

𝐴 = ∫ (√𝑥 − 𝑥2)
1

0
𝑑𝑥 = [

2𝑥3 2⁄

3
−

𝑥3

3
]

0

1

=
1

3
  

 

 

 

Ex: Determine the area of the region bounded by: 𝑦 = 2𝑥2 + 10 and 𝑦 =

4𝑥 + 16 

Sol: For 𝑦 = 4𝑥 + 16 − 2𝑥2 − 10 = −2𝑥2 + 4𝑥 + 6 

𝑦 = 0, −2𝑥2 + 4𝑥 + 6 = 0 

𝑥2 − 2𝑥 − 3 = (𝑥 − 3) (𝑥 + 1) 

𝑥 = 3 and 𝑥 = −1 

𝐴 = ∫ [−2𝑥2 + 4𝑥 + 6]
3

−1

𝑑𝑥 = −
2x3

3
+ 2𝑥2 + 6𝑥]

−1

3

 

= [
−2 ∗ 27

3
+ 2 ∗ 9 + 6 ∗ 3 − (

+2

3
+ 2 − 6)] 

= −18 + 18 + 18 − (−3.334) = 21.334 

 

Ex: Determine the area of the region bounded by: 𝑦 = 2𝑥2 + 10, 𝑦 =

4𝑥 + 16, 𝑥 = −2, and𝑥 = 5 
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Sol:  The area from 𝑥 = −1 to 𝑥 = 3 is (area C)  

calculated from the above example. Areas (A&B)  

are calculated by:  

𝐴𝐴&𝐵 = ∫ (2𝑥2
−1

−2

+ 10 − 4𝑥 − 16)𝑑𝑥 + 

∫ (2𝑥2
5

3

+ 10 − 4𝑥 − 16)𝑑𝑥 

=∫ (2𝑥2−1

−2
− 4𝑥 − 6)𝑑𝑥 + ∫ (2𝑥25

3
− 4𝑥 − 6)𝑑𝑥 

=
2x3

3
− 2𝑥2 − 6𝑥]

−2

−1

+
2x3

3
− 2𝑥2 − 6𝑥]

3

5

=
2(−1 + 8)

3
− 2(1 − 4) − 6(−1 + 2) + 2

125 − 27

3
− 2(25 − 9) − 6(5 − 3) 

=
14

3
+ 6 − 6 + 2

98

3
− 2(16) − 12 =

14

3
+

196

3
− 32 − 12

=
210

3
− 44 = 70 − 44 = 26 

The total area is𝐴𝐴&𝐵 + 𝐴𝐶 = 26 + 21.3 = 47.3 

2. Volume of the Solids of revolution 

A Solid of revolution is a solid that is generated by revolving a plane 

region about a line that lies in the same plane as the region; the line is 

called the axis of revolution. 
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Ex: Determine the volume of the solid generated by rotating the region 

bounded by 𝑓(𝑥) = 𝑥2 − 4𝑥 + 5 and 𝑥 = 1, 𝑥 = 4 about the x-axis.  
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2. Finding volume of a solid of revolution using a washer method.  

This is an extension of the disc method. The procedure is 

essentially the same, but now we are dealing with a hollowed object and 

two functions instead of one, so we have to take the difference of these 

functions into the account. 

 

 

Ex: Determine the volume of the solid generated by rotating the region 

bounded by 𝑦 = √𝑥
3

, and 𝑦 =
𝑥 

4
that lies in the first quadrant about the y-

axis. 
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Lecture 3 : Vectors  

Vector components: 

Quantities can be divided into: 

1) scalar: which is defined by magnitude only, for example mass, time... 

2) vector: the quantity which needs magnitude and direction, for example force, 

velocity, acceleration.... 

 

We shall denote the vector from (0,0) to (1,0) by (i) and the vector 

from (0,0) to (0,1) by (j) as shown in figure below: 

 

y 

 

 

 

 

 

 

x 

 

 

 

 

 

 

 

 

Then any vector in the x - y plane can be divided in the terms of i and j. 

(0,1
) 

j 

(0,0
) 

i 

(1,0

) 
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-4i 

Ex. Sketch the following vectors: 

a) 3i 

b) - 4i 

c) -2i + 3j 

 
y 

Sol.: 

a) 

 

x 

 

 

 

 

 

 

b) 
y 

 

 

x 

 

 

 

 

y 

c) 

 

 

 

 

x 

3i 

-2i+3j 
3j 

-2i 
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Note: when we say the vector 𝐴⃗⃗⃗   𝐵⃗⃗  →  means: This vector directed from point A 

to point B. 

 

Arithmetic operation on vector: y 

1) Addition: 

Let 𝑣⃗ 1→ = 𝑎1𝑖 + 𝑏1𝑗 and 𝑣⃗  2 → = 𝑎2𝑖 + 𝑏2𝑗 

 
Then 𝑣⃗ 1→ + 𝑣⃗  2 → = 𝑎1𝑖 + 𝑏1𝑗 + 𝑎2𝑖 + 𝑏2𝑗 

x 
= (𝑎1 + 𝑎2)𝑖 + (𝑏1 + 𝑏2)𝑗 

 
 
 

 
y 

2) Subtraction: 

Let 𝑣⃗ 1→ = 𝑎1𝑖 + 𝑏1𝑗 and 𝑣⃗  2 → = 𝑎2𝑖 + 𝑏2𝑗 

Then 𝑣⃗ 1→ - 𝑣⃗  2 → = (𝑎1𝑖 + 𝑏1𝑗) − (𝑎2𝑖 + 𝑏2𝑗) 

= (𝑎1 − 𝑎2)𝑖 + (𝑏1 − 𝑏2)𝑗 

 

 
x 

 

 

 

 

3) Multiplication of vector by scalar: 

Let 𝑣⃗→ = 𝑎𝑖 + 𝑏𝑗 and c is scalar. 

then 𝑐𝑣⃗→  = 𝑐(𝑎𝑖 + 𝑏𝑗) = 𝑐𝑎𝑖 + 𝑐𝑏𝑗 

𝑣⃗ 1→ + 
𝑣⃗  →  

 

 

 

 

𝑣⃗ 1→ − 
𝑣⃗  → 
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Definitions: 

1) Length of vector: 

The length of vector 𝑣⃗→ = 𝑎𝑖 + 𝑏𝑗 is usually denoted by |𝑣⃗→ | which may be read as 

"The magnitude of 𝑣⃗→ "  . 

|𝑣⃗→| is found using Pythagoras theorem and as follows: 

𝑣⃗→ = 𝑎𝑖 + 𝑏𝑗 
 

|𝑣⃗→| = √𝑎2 + 𝑏2 y 

 

 

 

 

 
x 

a 
 

 

 

2) Zero vector: 

Any vector of length zero is called zero vector 0 →, 

𝑎𝑖 + 𝑏𝑗 = 0 

𝑎𝑖 + 𝑏𝑗 = 0𝑖 + 0𝑗 if and only if a = b = 0. 

 

 

 

3) Unit vector: 

It is part from any vector. This part has length equal to unity and it is used to 

describe the direction of the vector. 

 

𝑢⃗ → = 𝑣⃗ → 
|𝑣⃗ →| 

where 𝑢⃗ → is unit vector of 𝑣⃗→ .  

 

b 
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Ex. Find the unit vector of 𝒗⃗ → = 𝒂𝒊 + 𝒃𝒋 and prove that unit vector depends on 

the angle between the vector and the x - axis? 

 

Sol.: 

𝑢⃗ → = 𝑣⃗ → y 
|𝑣⃗ →| 

 

 

𝑢⃗ → = 
𝑎𝑖+ 𝑏𝑗 

√𝑎2+𝑏2 

 
 
 

 

𝑢⃗ → = 𝑎 
√𝑎2+𝑏2 

 

 
x 

a 

𝑖 + 
𝑏 

𝑗 
√𝑎2+𝑏2 

 
𝑢⃗ → = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 

 

Ex. Find the unit vector of 𝑨⃗ → = 𝟑𝒊 + 𝟒𝒋. 

Sol.: 

𝑢⃗ → = 𝐴⃗⃗⃗
→ 

|𝐴⃗⃗⃗→| 
 
 
 

|𝐴⃗⃗⃗→| = √32 + 42 = 5 

 

 
𝑢⃗ → = 3𝑖+4𝑗 = 0.6i + 0.8j 

5 

since 

𝑢⃗ → = 𝑐𝑜𝑠𝜃𝑖 + 𝑠𝑖𝑛𝜃𝑗 

𝑐𝑜𝑠𝜃 = 0.6 

∴ 𝜃 = 53o 

 

b 
𝜃 
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Vector in Space: 

Now we shall consider the vector in three dimensional space as follows: 

(i) as a vector pointing from (0,0,0) to (1,0,0) 

(j) as a vector pointing from (0,0,0) to (0,1,0) 

(k) as a vector pointing from (0,0,0) to (0,0,1) 

 

z 

 

 

 

 

 

 

 

 

y 

 

 

 

 

 

x 

 

 

 

Any vector 𝐴⃗⃗⃗→ for example may be represented as: 

𝐴⃗⃗⃗→ = 𝑎𝑖 + 𝑏𝑗 + 𝑐𝑘 

and 
 

|𝐴⃗⃗⃗→| = √𝑎2 + 𝑏2 + 𝑐2 

k 

j 
i 
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Ex.: Find a unit vector in the direction of vector from p1(1,0,1) and p2(3,2,0). 

Sol.: 

𝑝⃗⃗⃗   1  𝑝⃗⃗⃗    2→ = (3 - 1 )i + (2 - 0)j + (0 - 1)k 

𝑝⃗⃗⃗   1  𝑝⃗⃗⃗    2→ = 2i + 2j - k 
 

|𝑝⃗⃗⃗   1  𝑝⃗⃗⃗    2→| = √4 + 4 + 1 = √9 = 3 

𝑢⃗ → = 
 𝑝⃗⃗⃗   1   𝑝⃗⃗⃗   2 →  

= 
2𝑖+2𝑗−𝑘 

= 
2 
𝑖 + 

2 
𝑗 − 

1 
𝑘 

|𝑝⃗⃗⃗   1   𝑝⃗⃗⃗   2 →|
 3 

3 3 3 

 
Scalar product (dot product): 

The scalar or dot product of two vectors 𝐴⃗⃗⃗→ and 𝐵⃗⃗ → ,  denoted by 𝐴⃗⃗⃗→. 𝐵⃗⃗ → (read 𝐴⃗⃗⃗→ dot 𝐵⃗⃗ → ) ,  

is defined as the product of the magnitudes of 𝐴⃗⃗⃗→ and 𝐵⃗⃗ → and the cosine of the angle 

𝜃 between them. 

 

 

𝐴⃗⃗⃗→. 𝐵⃗⃗ → = |𝐴⃗⃗⃗→|. |𝐵⃗⃗ → | 𝑐𝑜𝑠𝜃 , 0 ≤ 𝜃 ≤ 𝜋 
 
 
The following laws was valid: 

1. 𝐴⃗⃗⃗→. 𝐵⃗⃗ → = 𝐵⃗⃗ → . 𝐴⃗⃗⃗→ 

2. 𝐴⃗⃗⃗→. (𝐵⃗⃗ → + 𝐶→) = 𝐴⃗⃗⃗→. 𝐵⃗⃗ → + 𝐴⃗⃗⃗→. 𝐶→ 

3. i.i = j.j=k.k = 1, i.j = j.k = k.i = 0 

 

The dot product can be used to find: 

1) The angle between two vectors. 

2) 
The projection of vector 𝐵⃗⃗ → on 𝐴⃗⃗⃗→ = |𝐵⃗⃗ → |  𝑐𝑜𝑠𝜃 = 

𝐴⃗⃗⃗→.𝐵⃗⃗ → 

|𝐴⃗⃗⃗| 

3) 
The projection of 𝐴⃗⃗⃗→ on 𝐵⃗⃗ → = |𝐴⃗⃗⃗→| 𝑐𝑜𝑠𝜃 = 

𝐴⃗⃗⃗→.𝐵⃗⃗ → 

|𝐵⃗⃗| 
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Ex. Find the angle between 𝑨⃗ → = 𝒊 − 𝟐𝒋 − 𝟐𝒌 and 𝑩⃗⃗  → = 𝟔𝒊 + 𝟑𝒋 + 𝟐𝒌 also find 

the projection of 𝑨⃗ → 𝒐𝒏 𝑩⃗⃗  → and 𝑩⃗⃗  → 𝒐𝒏 𝑨⃗ →. 

Sol.: 

1) 𝐴⃗⃗⃗→. 𝐵⃗⃗ → = |𝐴⃗⃗⃗→|. |𝐵⃗⃗ → | 𝑐𝑜𝑠𝜃 

cosθ = 
A →.B → 

|A →|.|B →| 

𝐴⃗⃗⃗→. 𝐵⃗⃗ → = 1*6 + (-2)*3 + (-2)*2 = - 4 

|𝐴⃗⃗⃗→| = √1 + 4 + 4 = 3 

|𝐵⃗⃗ → |  = √36 + 9 + 4 = 7 

cosθ = 
−4 

3∗7 

𝜃 = 101𝑜 

= 
−4 

21 
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The projection of 𝐴⃗⃗⃗→ on 𝐵⃗⃗ → = |𝐴⃗⃗⃗→| 𝑐𝑜𝑠𝜃 = 
𝐴⃗⃗⃗→.𝐵⃗⃗ → 

= 
−4 

|𝐵⃗⃗| 7 

2) 
The projection of vector 𝐵⃗⃗ → on 𝐴⃗⃗⃗→ = |𝐵⃗⃗ → |  𝑐𝑜𝑠𝜃 = 

𝐴⃗⃗⃗→.𝐵⃗⃗ → 
= 

−4 

|𝐴⃗⃗⃗| 3 

 
Orthogonal vectors: 

The two vectors 𝐴⃗⃗⃗→ and 𝐵⃗⃗ → are orthogonal if and only if: 

𝐴⃗⃗⃗→. 𝐵⃗⃗ → = 0
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Lecture 5: Partial Derivatives 

1. Introduction 

In many real-life applications, functions depend on more than one variable such as 

f(x, y) or f(x, y, z). To understand how the function changes when only one 

variable changes while all others remain constant, we use partial derivatives. 

2. Definition 

If f(x, y) is a function of two variables, then the partial derivative with 

respect to x is: 

∂f

∂x
  

Meaning: differentiate with respect to x while treating y as a constant. 

Similarly,  

∂f

∂y
 

 is the derivative with respect to y. 

 

Example 1: 

f(x, y) = x2 y + 5y 

∂f

∂x
  = 2xy 

∂f

∂y
   = x2 + 5 
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Example 2: 

f(x, y) = sin(x y) 

∂f

∂x
   = cos(xy) * y 

∂f

∂y
  = cos (x y) * x 

Example 3: 

f(x, y, z) = x2 + yz + exz 

f_x = 2x + z exz 

f_y = z 

f_z = y + x exz  
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2- Derivatives of the Natural Logarithm Function (ln) 

1. Derivative of ln(x) in One Variable 

d/dx ln(x) =    
1

x
   ,    x > 0 

- Example: 

d

dx
    ln (3x2 + 1) = (1 / (3x2 + 1)) * 6x = 

6x

(3x2 + 1) 
    

3- Partial Derivative of a Multivariable ln Function 

If we have f(x, y) = ln(xy + y^2), the partial derivatives are: 

1. ∂f/∂x 

f = ln(u), u = xy + y^2 

∂f/∂x = 1/u * ∂u/∂x = 1/(xy + y^2) * y = y / (xy + y^2) 
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4- More Complex ln Function 

Example: f(x, y, z) = ln(xy + z2) 

Partial derivative w.r.t x: ∂f/∂x = 1/(xy + z2) * y = y / (xy + z2) 

Partial derivative w.r.t y: ∂f/∂y = 1/(xy + z2) * x = x / (xy + z2) 

Partial derivative w.r.t z: ∂f/∂z = 1/(xy + z2) * 2z = 2z / (xy + z2) 

5- Derivative of ex in One Variable 

d/dx ex = ex 

- Basic rule: the derivative of ex is itself. 

- Example: 

d/dx e 3x = 3 e 3x 

Partial Derivative of a Multivariable Exponential Function 

If we have f(x, y) = e xy + y2, the partial derivatives are: 

1. ∂f/∂x 

f = eu, u = xy + y2 

∂f/∂x = eu * ∂u/∂x = e xy + y2 * y = y e xy + y2 

∂f/∂y 

∂u/∂y = x + 2y 

∂f/∂y = eu * (x + 2y) = (x + 2y) e xy + y2 

More Complex Exponential Functions 

Example: f(x, y, z) = e xy + z2 

Partial derivative w.r.t x: ∂f/∂x = e(xy + z2) * y = y e(xy + z2) 

Partial derivative w.r.t y: ∂f/∂y = e(xy + z2) * x = x e (xy + z2) 

Partial derivative w.r.t z: ∂f/∂z = e (xy + z2) * 2z = 2z e (xy + z2) 


