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Matrix

A matrix is every set of numbers or terms arranged in a rectangular shape, forming rows and

columns.

Each number in a matrix is an element. One element is distinguished from another by its

position, that is to say, the row and column to which it belongs.

The number of rows and columns of a matrix is called the dimension of a matrix. Thus, a
matrix is of dimension: 2x4, 3x2, 2x5,... If the matrix has the same number of rows and

columns, is said to be of order: 2, 3, ...




The set of matrices of m rows and n columns is denoted by A, or (a;), and

any element within the matrix is in row 7 in column j, for a;.

Two matrices are equal when they have the same dimension and equal

elements which occupy the same place in both.




Types of Matrices

In this section, you will find exercises and worksheets to revie
theory of matrices in Algebra. A matrix is a rectangular arre
numbers or other mathematical objects for which operations suc

addition and multiplication are defined




Row Matrix

A row matrix is formed by a single row.

(1 2 3)

Column Matrix

A column matrix is formed by a single column.

3




Zero Matrix

In a zero matrix, all the elements are zeros.

Rectangular Matrix

A rectangular matrix is formed by a different number of

rows and columns, and its dimension is noted as: IMXIN.




Square Matrix

A square matrix is formed by the same number of rows and
columns.

The elements of the form aii constitute the principal
diagonal.

The secondary diagonal is formed by the elements with i+j =
n+1.




Upper Triangular Matrix

In an upper triangular matrix, the elements located
below the diagonal are zeros.

Lower Triangular Matrix

In a lower triangular matrix, the elements above the
diagonal are zeros.




Diagonal Matrix

In a diagonal matrix, all the elements above and below
the diagonal are zeros.

Scalar Matrix

A scalar matrix is a diagonal matrix in which the diagonal
elements are equal.




Identity Matrix

An identity matrix is a diagonal matrix in which the 1 O O
diagonal elements are equal to 1. O 1 O

0 0 1
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Addition of matrices

Given two matrices of the same dimension, A =(a;) and B =

(b;), the matrix sum is defined as: A + B = (a;; + b;)). That is, the
resultant matrix's elements are obtained by adding the

elements of the two matrices that occupy the same position.
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Properties of the Addition of Matrices

e The sum of two matrices of dimension m x n is another matrix of
dimension m x n.



Associative:

A+(B+C)=(A+B)+C

Given:
2 4 6
A= 4 0 3 B=[
-2 0 2



Additive identity:

A+0=A

Where 0 is the zero matrix of the same dimension.

6 -1 1 0O 0 O
-2+0 3+0 -1+40] -2 3 -1
A+Z=|-1+0 1+0 7+0 |=[-1 1 7
6+0 —-1+0 140 6 -1 1




Additive inverse:

A + (-A) = O where —-A=-1[A]

The opposite matrix has each of its elements change sign.

-2 3 -1 2 =3 1
A=l—-1 1 7 -IXA=|1 -1 -7
6 -1 1 -6 1 -1




Commutative:

A+B=B+A
2 0
A=|3 0
o 1




Given the matrices:

Calculate:
f2 0 1
A+B=\|3 0 0
S 1 1,

__‘
ok
-

A + B;

(2
=3
D
A-B
0
2 1
1
0o 1
0 O

2 +1
3+1
o+ 1

0+0
0+2
1+1

"1 0 1"
1 2z 1
1 1 o,
1+1Y (3 0 N
o+1|=|4 2 1
1+0) 6 2 1
1-1% (1 0 0
0-1|=|2 -2 -1
1-0 4 0 1




Transpose Matrix

Given matrix A, the transpose of matrix A is another matrix where the elements in
the columns and rows have switched. In other words, the rows become the
columns and the columns become the rows.

2 5 -1 2 4 —2
A=l 4 1 3 A=[5 1 0
-2 0 1 -1 3 1



Properties of Transpose Matrix

(At = A

2

A=| 5

—1
2 5 -1
w5 13
—1 1




(A + B)t = At + Bt
(a-A)t=a-A
(A'B)t=Bt-At



Symmetric Matrix

A symmetric matrix is a square matrix that verifies:

A=A,




Antisymmetric Matrix

An antisymmetric matrix is a square matrix that verifies:

A = -A.




Next week:

Multiplying Matrices

Thanks for your
attention



i

Matrices
Lecture 3 @
Multiplying Matrices

Dr. Alaa Alasadi.



Two matrices A and B can be multiplied together if the number of columns of A is equal to

the number of rows of B.

M, .. xM, _ =M

nxp mxp
The element, Cij. of the product matrix is obtained by multiplying every element in row 1 of

matrix A by each element of column j of matrix B and then adding them together.



2 0 1Y {1 0 1)
AB=[3 0 0fs1 2 1=
5 1 1)l 1 0

(21 +0.1+1.1 2.0+0.2+1.1 21 +0.1+1.00
31+01+01 3.0+402+01 31+0.1+0.0
S-1+11+411 50+1.2+1.1 51+41.1+41.0,

3 1 20
=3 0 3
/3 By




Properties of Matrix Multiplication

Associative:

A-(B-C)=(A-B)-C

Multiplicative Identity

A-1=A

Where I is the identity matrix with the same order as matrix A.
Not Commutative:

A-BB-A

Distributive:

A-(B+C)=A-B+A-C



Given the matrices:

2 0 1 1 0 1
A=|3 0 O B=|1 2 1
5 1 1 1 1 O
Calculate:
AxB; BxA
2 0 11 o0 1 2.1 +0+1+1+1 2+0+0+2+1+1 2+1+0+1+1-+0 3 1 2
=|3 o 0|2 2 1|=(3.1+0.1+0.1 3.0+0.2+0-1 3.1+0.1+0.0(= |3 (0 3
5 1 1)l1 1 o 5+1+1+1+1+1 5.0+1+2+1+1 5+1+1+1+1-0 7 3 6
0o 12 0 1 1.2 +0+3+1.5 1-0+0:0+1+.1 1+1+0+0+1-1 7 1 2
B-A=1 2 1(-/3 0 ©0|=|1.2+2.3+1.5 1.0+2.0+1.1 1.1+2.0+1-1(=]13 1 2

1 1 o/ o 1 1 1.2 +1+3 + 0-5 1-0+1.0 + 0-1 1-1+1-0+0-1 5 0 1



Given the matrices:

2 -1 0 2 1 1 -2
A=[0 "2 1] 5:[2 2] c=|0 2
-2 0,

Example 1.
(At-B)-C
(A'5,5° Bay2) " C3x2= (A" B)3y2 Cix2
The multiplication is not possible because the number of columns, (At- B)

does not coincide with the numbers of rows of C.



Example 2.

(B-C')-At

(Baysz- Ct2x3)'At3x2= (B - C)zxs'At3x2=
:(B ’ Ct'At)ZXZ

Determine the dimension of M so that the multiplication is possible: A- M - C

A3x2. men. C3)(2 m =2

Determine the dimension of M if C t- M is a square matrix.

Ct2x3.men m=3 ll=3
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Determinants

Suppose A is an n x n matrix. Associated with A is a number called the determinant of A and is denoted by

det A or [A]. Symbolically, we distinguish a matrix A from the determinant of A by replacing the

parentheses by vertical bars:

aily ai2 ln
a1 a22 2n
A=

| Gnl  An2 Ann |

and 11 112 (1n

a1 az2 a2n

det A =
nl dp2 Unn




and a] a12 ... Qaln
a1 a2 ... d9q

det A =
nl Gnp2 ... (Onn

Thus, every square matrix A, is assigned a particular scalar quantity called the determinant
of A, denoted by det A or |A].

A determinant of an n x n matrix is said to be a determinant of order n.

Let's begin by defining the determinants of 1x1,2x 2, and 3 x 3 matrices.



The Determinant of Order One

Fora 1 x 1 matrix A = (a) we have det A= |a| = a.
For example, if A =(-5), thendet A= |-5| =-5.
Note: In this case, the vertical bars | [ around a number do not mean the absolute value of the

number.



The Determinant of Order Two

The determinant of a 2 x 2 matrix is said to be a determinant of order 2.

4 — aijlp ai2
(121 (1929

The determinant of

Consider matrix A:

is the number

(111 (112
(1721 (129

det A = = a11a22 — a12a2]




apy a2
= a11az2 — aj2a2]

az| ag?

As a mnemonic, a determinant of order 2 is thought to be the product of the main diagonal

entries of A minus the product of the other diagonal entries.



For example, if matrix A is the 2 x 2 matrix
r -
) |
A=,
2 9

then det. A is |A :| ajl ai2

(121 1929

= ajja2 — a12a21

So

Al =(5%9) — (=7 *2) =45—-(—-14) =59



The Determinant of Order Three

The determinant of a 3 x 3 matrix is said to be a determinant of order 3.
Consider matrix A:

ajl aiz dais
A= lag as an
| 431 432 a3z

The determinant of

11 @12 a3
detA = |agy azo a3

131 (1392 (133




We can calculate the determinant of order three as following by minores method:

az2 az3
a32 az3

detA = aq

det A = ay1(aasz — agzazn) + aiz(—agrazz + agzazy) + aiz(agiaze — aggaszy)



Example: (2 4 7]
Evaluate the determinant of A=16] 0 3
1l 5 3
2 4 7
detA=16 0 3
1 5 3

where the dashed lines indicate the row and column that are
deleted. Thus,

0 3

D 3

6 3
I 3

6 0

detA = 2(—1)1+1 | 5

‘+4(—1)1+2

|+7(—1)1+3




Example 2:
Evaluate the determinant of

detA = |—1
9

A

#= 0o

-1 O

-
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The Determinant of Order Two

e M2 — a11a22 — arzan
a1+ ™a
b =T
For example, if matrix A is the 2 x 2 matrix A= 2 0
_ a11 (112
then det A is: |nl =| = aj1a22 — a12a2]
a1 a2

So

1Al = (5%9) — (=7 % 2) = 59



Minors method

We can calculate the determinants by minors method:

Minor:

An element, aj;, to the value of the determinant of order n - 1, obtained by
deleting the row i and the column j in the matrix is called a minor.

Now, we select the element of (a,,) which have value 5, by deleting its row and column will be:

1 2 1

2 [5] 4|
3 6 2




The Determinant of Order Three

We can calculate the determinant of order three as following:

a1j] ai2 ais
detA = |an1 age a9y

a3y ajz2 ass

azir a22
azy a3z

azir aa3
a3l a3l

a2 az3
a32 a3s3

detA = ayy + a2 {— } +ai13

det A = ay1(aasz — agzazn) + aiz(—agiazz + agzazy) + aiz(agiaze — aggaszy)

- We can determine the sign of element by
(_1)i+j

where i is the row of element and j is column

/ Yy \
N\
- Qv M\
NRIRI
Y \/.‘
\



Example:
Evaluate the determinant of

We select the first row:

A=t

(1)

2
1

|+ 2 2|3 2 )|

A

A=1[1*(-1)—-(2=*(—4))]

DED[(=3) + (=D = (2+3)]

5[(=3) * (—=4) — (1% 3)]

A=[(-1+8)+2(3—=6)+5(12—3)]

A=7 — 6 — 45=46




Other method to calculate determinant

We can calculate the determinants by special method,

this method can be apply by:

1- Repeat a first and second column beside the main determinant.

2- Then draw three lines along main diagonals with plus signs then three lines along
second diagonals with minus signs.

3- Multiply the elements of each diagonal each other.

4- Calculate the summation value of multiplications.

This value is the determinant.



Special method to calculate the value of determinant of order 3

ail
det A = |an

a3l

ai2
az2
a32

ai3
az3
a33

A= (421
as

d ol

N X

/ i.“\\.

- 4

12
az2

+ +

A = (aq1 * az; * ass)

+|(az * azs * asy)

(ai3 * az; * asy)

— |(ay3 * az; * as;)

—|(ay1 * az3 * asy)

(ai; * az; * ass)

QA
D)l



Example:
Evaluate the determinant of A=

A= (151 (1)) +(-2%2%3)+ (5 =35 —4) — (5 1x3) — (12 (—4)) — ((~2) * (—3) * (1))

A= 46



Ex2:

Find the value of following determinant

6 5 0
=-1 8 -7
-2 4 0
6 5 0 5
=-1 8 -7|-1 8
-2 4 01-2 4

A=0+70+0-0+168-0
A=-238



Properties of determinants:

Aalay) 48 gaiaal) dasall (6 sbon A gauall 48 saiaal) dana =)

6 5 0 6 —1 -2|6 -1
=-1 8 -7 A=[5 8 415 8
-2 4 0 o -7 010 =7

At=(6*8*0)+(-1*4*0)+(-2*5%-7)-((-2*8*0)-(6*4*-7)-(-1*5*0)

A'=(0+0+70-0+168+0)
=238



A=0+0+0-0-0-0=0



6 5 0
-1 8 —=7| =238
-2 4 0

5 6 0I5 6
g -1 =718 -1
4 =2 014 =2

A=(0-168+0)+(0-70-0)
A=-238

a3 L) Hurd HAY) Jae IS Glagee o) Oliia Jal 1Y



3 4 0]3 4
-1 2 -7]-1 2
-1 2 -71-1 2

L e (s s 2anal) el Glases ) Gliia ealic caiil 13-



TA*X) st 2aaall A B (55l o) dasall Al B (x) Jie Gl dgee o) Cia pualie (a0

X=2
6 5 0

=|-1 8 -—7|=238
-2 4 0

A*X=238%2=476

2 uaaldl CulEll Bl & gand) o pad Dl

6 5 016 5
A*2=|-1 8 —14]-1 8
-2 4 01-2 4

A*X=0+140+0+0+336-0)=476
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Aalay) 48 shiaal) dasall (g sbun A gauall 48 sainal) dana - )

4] = 1A%
6 5 0
A=|-1 8 —7|=238
2 4 0
6 —1 —2[6 —1
At=|5 8 4|5 8
0o -7 olo —7

At=(6*8*0)+(-1*4*0)+(-2*5*-7)-(-2*8*0)-(6*4*-7)-(-1*5*0)
At=0+0+70-0+168-0= 238=A



4 2 0] 4 2
A=|-9 5 0]-9 5
-6 -3 0l-6 -3

A=0+0+0-0-0-0=0



L4 L8] et e Lo SB35 0nall A (8AY) Jae JS lasee ) lia Ja 13T

Ex:
6 5 0
A=]-1 8 -—7|=238
-2 4 0
_ﬁ Home work
| 0| 5 (6]J]0 5
A - _7 8 _1 _7 8 KEX . - W g v e
ol 4 =210 4 Sl Caall Jasiul & ola) 48 siadll Jana sl

U— aall a3aall Conal 5 G Caall

A=0+0-168-0-0-70=-238

-2 4 0
A=|-1 8 =7
6 S5 0




6 5 0|6 5
A=([-1 8 —-7|-1 8
-1 8 -71-1 8

A=(-336+35+0)+(0+336-35)=0

L e (g s 2anal) Aad Gl (agae 5l lhea jealic ciil 13-

Home work

= C0 U1
= CO Ul



P AFX s sed 2aaall A (g gl paad) dasal) dad G X Jie Gy S gee gl Cia palic i 13120

Ex:
Let X is constant
6 5 0
X=4 A=]—-1 8 -—7|=238
—2 4 0
A*X=238%4=952
S 2 geall o Xl JAx Home work
6 20 0]6 20
Sl Caall ol JAa
AxX=|-1 32 -=-7|-1 32 e
—2 16 01-2 16 7 5 _1
A=|-1 4 -7
A*X=0+280+0-0+672-0=952 —2 -3 0
X=-3 |




ALG 0 aaall sl dad Gl JA) dgee o) Cia () Gl X Sl Gl e o) Clia paalie (1 i 13121

6 5 0

-1 8 -7|=238

-2 4 0

6 17 0|6 17 & S 3 sanl) ) ddaai s (2) JY) 2 sandl o Sl
-1 6 =7|-1 6

-2 0 o0l-2 o0

o 17 0|0 17
-1 6 —7|-1 6
-2 0 01-2 0

A=0+238+0-0-0-0=238



0 17 O
-1 6 -7
-2 0 0

A=0-578-0+816-0-0=238

A

0
-1
—2

17 68
6 17
0 O

0
-1
—2

17
6
0

Sl 3 garll ddnai g4 A (U 3 geall @ pa

6 5 0
A=|-1 8 -=7(=238

-2 4 0

5 6 0|5 6
A=|-1 8 —-7|-1 8

-2 4 01-2 4

K A=0+84+0-0+140-0=224 /
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We will use the same approach that we saw in the last lecture, where we expanded a 3x3 determinant.

Going down the first column or first row, we find the cofactors of each element and then multiply each
element by its cofactor.

But here we will use first column:

(1)

Az1 |22 Q23 QA4
|A|=

Ayp Az3 Ay A1 0Az3 Ay A1 Ay Ay

(1)

azq

|A| = a1 |32 Q33 Q34| —ay, |31 A33 Q34|+ az; |32 A33  A34| — ayq [A31

Agpy Qg3  Qyg Qg1 QAy3  Qyg Agp QAu3  Qya

To get the final answer, we expand out these 3x3 determinants,
multiply then simplify.

Ayq

Ao
ass
Ay

ass
ass
A43



The first step is to find the cofactors of each of the elements in the first column. We then multiply by

the elements of the first row and assign plus and minus in the order:

plus, minus, plus, minus

Ex1:

|Al=

Co W= O~

|Al= T

< R JURTN
|

By choosing first column

o N O

b O W=

[ S S

= o o

(1)

+4

e




o

(T

Now, we expand out each of those 3 x 3 cofactors using the method that we saw before:

=~ o b

)

=15

= o4

o

il

o

b2

= 156

— 42

Home work:

Find the determinant of each minores by
minores method and special method.




Now, putting it all together, we have:

0o = O =]
o O O =
|
-
N N O

=T7Tx15—6 x 156 +4 x 54 —8 x —42

= —279



2 1 4 -1 a1 3 gaall RS Sl

O 3 -2 2
3 2 -1 0
(-1)
—2 0 3112 1 4 2 1 4
|Al=—1(-1)** 0 3 -2[1/0 3 -2|-2|]-2 0 3 |[+0
3 2 =1l 13 2 =1l 13 2 -1
—2 0 311-2 0] 12 1 4112 11 12 1 4112 1
|AlI={0 3 -=2/|0 3|-1fo 3 =2|l0 3|-2|-2 0 3 ||-2 0]+0
3 2 —=1l13 2113 2 =113 21 13 2 =1l13 2

|A|=[(6+0+0)-(27+8+0)]-[(-6-6+0)-(36-8+0)]-2[(0+9-16)-(0+12+2)]
|A|=-29+40+42=53



2 1 4 -1
1=2 0 3 -1
A=l g" 37 22 2
3 2 -1 0
2 1 1 -1
1=2 0 0 -1
Al=l g 37 4 2
3 2 -1 0
4 1 1 -1
a=f 0 0 0 <D
4 3 4 2
3 2 —1 0
4 1
Al=(1)29%1|-4 3
3 2 —1

Ciladaall al sd Jlaaiuly el )l aaal) alag) 48, Hla

-4 3

@m\ Caall Hlias )

Gl 3 garl) ) 4diiai g (3) (A @l A 3 gandl o puiai -V

|A|=-1[(-12+12-8)-(9+32+4)]=-1[-8-45]=53



oA daddy )l

2 14 -1 SN 3 ganll s
0O 3 =2 2
3 2 -1 0
G Cauall I ddui g (3-) A JsY) Caall o -
2 1 4 -1
-2 0 3 -1
A= 0 Z14 5
3 2 -1 0
& Gl aduzaig (Y-) (8 JsY) caall (o Y
2 1 4 -1
-2 0 3 -1
A=l 0 214 s
-1 0 -9 2
—2 3 —1||-2 3
|A|=(-1)*2X1|—-6 —-14 5 ||-6 -—-14
-1 -9 211-1 -9

|A|=-[(56-15-54)-(-14+90-36)]=-[-13-40)=53



Ex2:

4 3 2 2
0 1 -3 3
0 -1 3 3
0 3 1 1

Since there is only one element different from 0 on column 1, we apply the general formula using this
column. The cofactors corresponding to the elements which are 0 don't need to be calculated because
the product of them and these elements will be O.

T
1 -3 3
-1 3 3
3 1 1

—4(1-3-14(-1)-1-3+3-(-3)-3-(3-3-3+3-1-1+1-(=3)-(-1))) =4(3-3-27— (27+3+3)) =4 - (—60) = —240
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Cramer's rule is used to solve systems of linear equations. It applies to systems
that meet the following conditions:

- The number of equations equals the number of unknowns.
- The determinant of the coefficient matrix is nonzero.

- So, for system of linear equations like these:

a is constant
ax+ay+az=c¢cq.e....1 X, y and z are variables
ax + ay + a,z = cjy........... 2
asx + asy + aszz = cs._......... 3



We can sort these equation to three matrices:

X. VY.

a1 Q12 Aazq
a1 Ay A3z X[] Cz

az; dzp dAz3

A is the determinant of the coefficient matrix.

( a1 a2 a3
a1 a2 a3
A= az) 4az2 dzs

\am.l m,2 4am,3

il ghms GO ) ESE Y alaal) Lelua oL



If the constant terms are 0, the system is homogeneous

The Associated Matrix is Square (m=n)

We calculate the determinant of the associated matrix.

a1 a2 a3 . . Qn
az1 Q22 4azsz . . AQzn
A =laz; 4az2 4azz . . Azn

n1 n 2 n 3 . . Unn



by a1p a3 an
by azs asy as.n
by azz as3 as.n
bn. n2 QAp3 Apnn
a1 a2
a1 Qa2
31 azz2
an1 Qpp2

aj; b ays a1,n
azy by ags az n
azgy by azs asn
ap 1 bn an3 Ann
A

afl_.n

a'2,n

a3 n

Ann




The Determinant of the Associated Matrix is not 0

Determinants are obtained by replacing the coefficients of the 2nd member (independent terms) in
the 1st, 2nd, 3rd and the nth column, respectively.
The system solution is given by the following expressions:

Ax
X ==
A
A
vy =—
A
Ay
Z=="
A



r2-:r+3-y—5-z—
-3-z4+2-y+2z2=-9
4-z—y+2-2=17

Ex1:

.

We will sort the tree equations to three matrices:

2 3 =5 X -7
-3 2 1 XIYI =1-9
-1 2 A 17

4
The matrix associated to the system is

2 3 5] 2 3
=-3 2 11-3 2
4 -1 214 -1

We calculate the determinant of the matrix and we get
A=(8+12-15)-(-40-2-18)=65



We calculate A

T

We calculate A,

We calculate A

-
-~

Al IS 2 gill dgamy X, y 7, 2 gee Juii

—7 —§ 2 3 =7
—9 1 A=l-3 2 -9
17 2 4 -1 17

= 28 — 45+ 51+ 170 — 7 + 54 = 195

= —36 4+ 255 — 28 — 180 — 34 — 42 = —65

= 68 — 21 — 108 + 56 — 18 + 153 = 130



The solution of the system is:

A, 195,
A 65
A __%_
A 65
A, 130

E = =2




Ex2

4x + 5y — 2z = 3............. (1
—2x+3y—z=-3.... (2
—x—2y+3z=-5.......(3

We will sort the tree equations to three matrices:

= s bl



The matrix associated to the system is

4 5 =2 4 5
A=|-2 3 -1|-2 3
-1 -2 31-1 =2

We calculate the determinant of the matrix and we get:

A=36-8+5-6-8+30=49



To calculate

A.,A,and A, we will replace

=27 -12+4+25-30 -6+ 45 = 49

=-36—-204+3+6—-20+418 = —49

=—-60+12+15+9—24 -50= —98



The solution of the system is:

X_Ax_49_1
A 49
A, —49

Y: y: :—1
A 49

Z_AZ_—98_ ,
A 49



2y —4z = —1
—x+3y—2z=4
3x+y—2z2=6

2y —4z = —1
y—2z+3x =06

0 2 —4 X -1
-1 3 -2 X[y] =1 4
3 1 =2 Z 6
0O 2 —40 2
A=|—1 3 -=2|—-1 3|=(0-12+4)-(-36+0+4)=-8-(-32)=24
3 1 =213 1
-1 2 —4]—-1 2
Ax=l 4 3 —=2| 4 3|=(6-24-16)-(-72+2-16)=-34+86=52
6 1 =216 1
A 52
X == X =—

A 24



~1 2 —4|-1 2
Ax=|4 3 2[4 3
6 1 -216 1
A, 52
X === X==
A 24
0 -1 —4]0 -1
Ay=|-1 4 =2|-1 4|=?
3 6 -203 6
0 2 —-1]0 2
Az=|-1 3 4 |-1 3|=?
3 1 613 1

=(6-24-16)-(-72+2-16)=-34+86=52



2x +5—4z = —x 3x —4z = -5
6—2z+3x=0 3x —2z=-—6

3 0 —-43 0
A=|3 -6 -—2|3 =(36-0-0)-(72+0-0)=36-72=-36
3 0 =213 0
y 2senn &l 3 gee Jalaiy el luad
3 -5 —413 -5
A=3 0 -2[3 =(0+30+72)-(0+36+30)=102-66=36
3 —6 —-213 -6
A 36
y
e = —= -1
Y= Y= 36



Home works: find the values of x,y and z for the three equations

H W1

2-z4+3-y—5-2=0
-3z +2-y+2=10
4d-z—-y+2-2=10

H.W2
2-z24+3-y+2-2=5
-3z+2-y—3-z2=-1
4d-2—-y+4-2=3
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Inverse of matrices

To find the inverse of matrices (A~1), we should calculate that for each element of matrix by (adjoint matrix)

A—1=adj-(A)
4]

adj(a) = (—1%7)|A;]

A

ail
az21
a3l

ai2
az2
a32

ai3
az3

as3 |

_1=adj.(a)

Al

alis the inverse of element

(1)



Ex: Fine the inverse of A:
2 =1 412 -1
A=13 0 -=-2|13 0
5 =2 315 =2

A=(0+10-24)-(0+8-9)=-14+1=-13

1-adj(ay1) = (—11+1)|A11|

adj(a;;) = (0%x3 = (—2%—-2)) = —4

2-adj(a;) = (—11+2)|A12|

A=-1((9-(-10))=-1(19)=-19

2 -1 4
A=13 0 =2
5 -2 3

adj(a) = (—1"*7)|A;|

. 0
adj(ar) = (1Y |5, 7

. 3 —2
adj(ar) = (1" |2 ]|

adj(asz) = —19



2 -1 4
A=(3 0 -2
5 =2 3
_ , 3 0
3- ad](alg) — (_11+3)|A13| ad](alz) = (—11+3) |5 _2|
adj(a;3) = —6

4- adj(a21) — (_12+1) —1 4 -5

5-adj(az) = (—12*9) |2 ]=-14

_ 2 -1
6- adj(a,sz) = (_12+3) |5 _9 =-1

| 1 4
7- adj(agl) — (_13+1) | 0 _2|=2

g- Cldj(agz) — (_13+2) 2 4 =14
3 -2
9-adj(asy) = (1) 2 1|3




/13
*/13
“/-13

/13
/13
/13

*/13
* 5/13
2/_13

°/13
/13

3/ -13

A*Ai=|

/13
/13
Y/ 13

°/13
/13
3/-13
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The Most Important Derivatives - Basic Formulas/Rules

d
1-—(c)=0 Where cis a constant ~ p=5 ==

- — — d
2 dx (x) =1 V=X, d_ic] =1
d 4 d
3-a(cx)—cax—c — (5x) =5
dx
d _
4- E(an) = ncx™1 y= x3, ay _ 32




d du dv dw
5-E(uiviwi---) _dxidxi dxim
Ex1: y =x*+2x —4,
Ex2: y=3x2+V7x + 1

d dv du
6- a(uv) = ua+va

ay

Cdx

X

= 4x3 + 2

6x + /7.




7L (%) 2 v(g)-ulg

dx \v 2

2x? dy 5x(—4x) +2x%2x0  20x
Ex-y =8 ——.... —=0-— = :
y 5 dx 25 25




J?x‘?—l

256x256— 1

1,000, 000,000, 000z *e00se00m0-1

Tx°

2 56 x255

1,000,000,000, 000799999

0 36827

lxl—l

1
—1
]'2

—X




L) = ) = 35() = (7 = 2L
d
&

dn
2
I




Home work

1-y=12+3x4+7x3+ x2 - 9x + 6

_ 2x+3
x+1

3-y = (5x3 + 6)(x%° —x)
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For the natural exponential function:

Ex1- Sol.
= p2 dy

y=¢€ = e2.(0)
Ex3- Sol.
y = e2x d_y _




Find the derffivtave of following function

y = 1/ex2,,,% = ((exz.O)-1. e**.2x)/ (e"z)2 = 2x/e’c2

Y=2x/e*’,,, 2 = [(e*".2) — (2x.e**.2x)]/ (e¥")?

dy

— = [26 —ax? (e¥)1/(e*)?




the derivative of the natural logarithm function is.

4 N
Ex1- Sol. Ex2-
dy 1
y = Inx d_z=; y = Inx?
- NG
4
Ex3_ SOl.
_ v _ 1 _
y = lne* dx—ex.ex.l—l




8— f(u)=e"* %(e” )= e*.1.du Ln2.7=1

10 — f(u) = au, ;—x(au)= a* Ina.du

9 — f(u) = Inu, ;—x (Inu)=

w.in2.7"

11 — f(u) =log.u, :—x(logau)=i du

wlna’

Ex2-

y = logs5* Sol.

Y=2.7x 2y _ _1 5% n5.1=ln5/ln3
dx 5XIn3




/
Ex1-

y =5




Ex1- Sol. Ex2-
_ v _ 1

y = logzx dx  x.iIn2’ y = logsx*®

-
/

EXZ' SOl..

_ dy _ _1 _

y = logse” dx  eXIn3 w1 =




y — 1/e(logss’x)

5x
d_y e log3 1

dx "5%X.In3
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Example 1:
y = sin5x
Solution:
d
% = 5cos5x.
Example 2: Example 3:
y = sin%/x y = x.sin(1 + x?)
Solution: Solution:
dy _ 1 dy 2 : 2
Fi 2sin/x. cosx - m piad cos(1+ x=).(2x) + sin(1 + x=)




Example 1: y = cos-

Solution:

dy 1 /-1 dy 1 1

E=—sm;.(x—2) E=x—2.sm;
Example 2: Example 3:

y = sin3x + cos3x y = 1/cos™x
Solution: Solution:
— -n
Z—z =3sin?x - cosx + 3cos2x - (—sinx) oS X
=—n(cosx) " 1 (—sinx) b

= 3sin?xcosx — 3cos?xsinx

: : nsinx
= 3sinx.cosx(sinx — cosx). -
cos™t1x




Example 1. Example 3.
— 2tanx?
Y tanx y = tanx + §tan3x
Solution. Solution.
dy
— = 2sec?x?. 2x dy
dx T sec?x + tan?x - sec’x
dy = 4 2472 dy
dx | XeSecxs 5. sec’x(1+tan’x)
Example 2. 1 + tan?x
y = tan?x3 T Ccos’x
Solution. 1 + tan?x = sec?x = 1/cos2x
1
d 1 + tan2x
Y 2tanx3. sec?x3. 3x = _ Cos’x
dx cos2x cos2x
dy — = 1/cos*x = sec*x.

— = 6x.tanx3. sec?x3.
dx

dx




Example 1.
y = x.cotx
Solution.
d
% = x.(—csc%x) + cotx
d
& —X.CSC%x + cotx.
dx

Example 2.
X b
y = tanz — cotz
Solution.
dy x 1 x 1
Ix = SeCZE'E + CSCZE.E
dy

dx

1
= —(sec? Z + csc? f)
2 2 2




Example 1. Example 2.
y =sec(x?+ 1) y = CSCZ(
Solution. Solution.
Z—i’ =sec(x?+1).tan(x?+ 1).2x Z—i’ = 2csc (E) . (—csc(
dy = 2x.sec(x2+1).tan(x2 + 1) dy _ 4 2
dx dx  x2 ¢
Example 3.
y = sec? §+ csc? g
Solution.

d X X x 1 X X x 1
& —2sect.secZtan>.=-2cscZ.csct. cotZ. =
dx 2 2 2°2 2 2 2°2

ay _ 20% XN ep2( X x
. = sec (2).tan(2) CcSC (2) .cot(z)




el Egns
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1

(sin"lu) # —
sinu
du
18 —d(sin"u) = ——
V1 —u?
Ex1: Ex3: 4
y = (x + sin~tx?)? y = In(sin™ " (secx)).
" dy 1 secx.tanx
d 2x =— .
d_ic, =2(x +sin"1x%). (1 + - ) dx  (sin'(secx) \[1 — (secx)?
v1—x
e Ex4:
y = Sin_lex y = esin‘lxz
>0l d_y — esin‘lle 2x
dy e*.1 dx V1 — x*?
dx V1 — e2x




19 — d(cos™tu) = _—du
V1 —u?
Ex1:
y = 3(cos™15x)2
ay _ -1 -5
= 6(cos™+5x). —

(cos™tu) #

cosu

Ex2:

v _

y = log;(sin3x.cos™*(sinx)

1 —COoSX

dx  (sin3x.cos~1(sinx).In3)

(sin3x. ===+ cos1(sinx).cos3x.3)




(tan™'u) #
tanu

1
(cot™'u) # —
cotu

21 —d(cot™tu) =

—du
14+ u?

du
20 — d(tan™tu) =
(tan ™) = 1
Ex1: B X
Y = tan 2
2X
—1,2) _ , _2X
dy: (tan™*x?) X1 5%
dx (tan—1x2)2

EX3: 3 = sin(cot1e¥)

d
dx

Y cos(cot™te¥).

Ex2:

y = (tan™1x?%)2

2Xx
1+x%

Z— = 2(tan"1x?).

) )]



1 1

(sec™lu) # — (csc™tu) # ——
secu cscu
du —du
22 —d(sec™tu) = 23 —d(csc™u) =
lulvu?z — 1 lulvu?z — 1
Ex2:
Ex1:
y = pCsctx
y = tanx.cos(sec™1x)
ay _ ecsc‘lx —1
Y _ tanx. (—sin(sec™1x). ! ) + cos(sec™1x).sec?x dx xVxZ—1
dx |x|Vx2-1

Ex3: y = log, {sec(csc™1x?)}.

dy sec(csc™'x?). tan(csc™ x?) —2x

dx sec(csc™1x?).In2 x2\/x* —1
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If a function is described by the equation y = f(x) where the variable y is on the left side, and the
right side depends only on the independent variable x, then the function is said to be given explicitly.
For example, the following functions are defined explicitly:

y =sinx,y =x2+ 2x + 5,y = Incosx.

In many problems, however, the function can be defined in implicit form, that is by the
equation

F(x,y)=0




Of course, any explicit function can be written in an implicit form. So the above functions can
be represented as

y—sinx =0,y—x2—-2x—5=0,y — Incosx = 0.

Example 1
Find the derivative of the function given by the equation

y? = 2px. where p is a parameter.

sol

d
(D))"= Cpx)',= 2yy’ = Zy% =2p,=> 7y =p/y,wherey # 0.



Example 2.
Differentiate implicitly the function y(x) given by the equation

y = cos(x + y).
dy d dy dy)
L Y i 1+ ==
= A cos(x +y),= 7 sin(x + y) ( + o)
Y _ + 4 +:>dy1+' +y)) = —sin(x +
Ix sin(x + y) Ix sin(x + y), dx( sin(x + y)) = —sin(x + y),

which results in

dy sin(x + y)
dx  1+sin(x +7y)




Example 3.

Calculate the derivative

X =y — 2siny.
Sol.
dy dy dy dy 1
1=——2siny),=>1=-—"--2 - =, =
dx (2siny) dx €05y dx = dx 1—2cosy
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