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Matrix

A matrix is every set of numbers or terms arranged in a rectangular shape, forming rows and 

columns.

Each number in a matrix is an element. One element is distinguished from another by its 

position, that is to say, the row and column to which it belongs.

The number of rows and columns of a matrix is called the dimension of a matrix. Thus, a 

matrix is of dimension: 2x4, 3x2, 2x5,... If the matrix has the same number of rows and 

columns, is said to be of order: 2, 3, ...



The set of matrices of m rows and n columns is denoted by Amxn or (aij), and 

any element within the matrix is in row i in column j, for aij.

Two matrices are equal when they have the same dimension and equal 

elements which occupy the same place in both.

!=
"11 ⋯ "1%
⋮ ⋱ ⋮
"(1 ⋯ "(%



In this section, you will find exercises and worksheets to review the

theory of matrices in Algebra. A matrix is a rectangular array of

numbers or other mathematical objects for which operations such as

addition and multiplication are defined

Types of Matrices



Row Matrix
A row matrix is formed by a single row.

(1   2   3)
Column Matrix

A column matrix is formed by a single column. 

3
2
1



Rectangular Matrix

A rectangular matrix is formed by a different number of 
rows and columns, and its dimension is noted as:  mxn. 

1 2 5
2 4 6

Zero Matrix

In a zero matrix, all the elements are zeros.
0 0
0 0



Square Matrix

A square matrix is formed by the same number of rows and 
columns.
The elements of the form aii constitute the principal 
diagonal. 
The secondary diagonal is formed by the elements with i+j = 
n+1.

2 −3 6
0 2 7
−1 4 3



Upper Triangular Matrix

In an upper triangular matrix, the elements located 
below the diagonal are zeros. 1 7 5

0 6 3
0 0 8

Lower Triangular Matrix

In a lower triangular matrix, the elements above the 
diagonal are zeros.

1 0 0
3 6 0
4 5 8



Diagonal Matrix

In a diagonal matrix, all the elements above and below 
the diagonal are zeros.

2 " "
0 −1 "
" " 3

Scalar Matrix

A scalar matrix is a diagonal matrix in which the diagonal 
elements are equal.

2 " "
0 2 "
" " 2



Identity Matrix

An identity matrix is a diagonal matrix in which the 
diagonal elements are equal to 1.

1 0 0
0 1 0
0 0 1
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Addition of matrices

Given two matrices of the same dimension, A = (aij) and B = 

(bij), the matrix sum is defined as: A + B = (aij + bij). That is, the 

resultant matrix's elements are obtained by adding the 

elements of the two matrices that occupy the same position.





Properties of the Addition of Matrices

• The sum of two matrices of dimension m x n is another matrix of 
dimension m x n.



Associative:

A + (B + C) = (A + B) + C

Given:

A=
2 4 6
4 0 3
−2 0 2

B=
−2 3 −1
−1 1 7
6 −1 1

C=
7 5 −1
4 3 5
−4 0 6



Additive identity:

A + 0 = A

Where 0 is the zero matrix of the same dimension.

Z=
0 0 0
0 0 0
0 0 0

A=
−2 3 −1
−1 1 7
6 −1 1

A+Z=
−2 + 0 3 + 0 −1 + 0
−1 + 0 1 + 0 7 + 0
6 + 0 −1 + 0 1 + 0

=
−2 3 −1
−1 1 7
6 −1 1



Additive inverse:

A + (−A) = O where –A= -1[A]

The opposite matrix has each of its elements change sign.

A=
−2 3 −1
−1 1 7
6 −1 1

-1XA=
2 −3 1
1 −1 −7
−6 1 −1

So A+(-A)=
0 0 0
0 0 0
0 0 0



Commutative:

A + B = B + A



Given the matrices: 

Calculate: A + B; A - B



Transpose Matrix

Given matrix A, the transpose of matrix A is another matrix where the elements in 
the columns and rows have switched. In other words, the rows become the 
columns and the columns become the rows.

A=
2 5 −1
4 1 3
−2 0 1

At=
2 4 −2
5 1 0
−1 3 1



(At)t = A

Properties of Transpose Matrix

A=
2 5 −1
5 1 3
−1 3 1

At=
2 5 −1
5 1 3
−1 3 1

(At)t=
2 5 −1
5 1 3
−1 3 1



(A + B)t = At + Bt

(α ·A)t = α · At

(A · B)t = Bt · At

A=
2 5 −1
5 1 3
−1 3 1

B=
2 5 −1
5 1 3
−1 3 1



Symmetric Matrix

A symmetric matrix is a square matrix that verifies:

A = At.

A=
2 5 −1
5 1 3
−1 3 1

At=
2 5 −1
5 1 3
−1 3 1



Antisymmetric Matrix

An antisymmetric matrix is a square matrix that verifies:

A = −At.

At=
2 5 −1
5 1 3
−1 3 1

A=
2 5 1
5 1 3
1 3 1



Thanks for your
attention

Next week:

Multiplying Matrices
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Two matrices A and B can be multiplied together if the number of columns of A is equal to 

the number of rows of B. 

Mm x n x Mn x p = Mm x p

The element, cij, of the product matrix is obtained by multiplying every element in row i of 

matrix A by each element of column j of matrix B and then adding them together.





Associative:

A · (B · C) = (A · B) · C
Multiplicative Identity

A · I = A
Where I is the identity matrix with the same order as matrix A.

Not Commutative:

A · B ≠ B · A
Distributive: 

A · (B + C) = A · B + A · C

Properties of Matrix Multiplication



A=
2 0 1
3 0 0
5 1 1

B=
1 0 1
1 2 1
1 1 0

Given the matrices: 

Calculate:

A x B; B x A

3 1 2
3 0 3
7 3 6

7 1 2
13 1 2
5 0 1



Given the matrices:

Example 1.

(At · B) · C

(At
3 x 2 · B2 x 2) · C3 x 2 = (At · B)3 x 2 · C3 x 2

The multiplication is not possible because the number of columns, (At · B ) 

does not coincide with the numbers of rows of C.



Example 2.

(B · Ct ) · At 

(B2 x 2 · C t
2 x 3 ) · At

3 x 2 = (B · C)2 x 3 · At
3 x 2 = 

=(B · C t · A t ) 2 x 2

Determine the dimension of M so that the multiplication is possible: A · M · C

A3 x 2 · Mm x n · C3 x 2 m = 2 

Determine the dimension of M if C t · M is a square matrix.

C t2 x 3 · Mm x n m = 3 n = 3
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Determinants

Suppose A is an n x n matrix. Associated with A is a number called the determinant of A and is denoted by 

det A or |A|. Symbolically, we distinguish a matrix A from the determinant of A by replacing the 

parentheses by vertical bars:

and



Thus, every square matrix A, is assigned a particular scalar quantity called the determinant 
of A, denoted by det A or |A|.

A determinant of an n x n matrix is said to be a determinant of order n.

Let's begin by defining the determinants of 1 x 1, 2 x 2 , and 3 x 3 matrices.

and



The Determinant of Order One

For a 1 x 1 matrix A = (a) we have det A = |a| = a.

For example, if A = (-5), then det A = |-5| = -5.

Note: In this case, the vertical bars || around a number do not mean the absolute value of the 

number.



The Determinant of Order Two

The determinant of a 2 x 2 matrix is said to be a determinant of order 2.

Consider matrix A:

The determinant of

is the number



As a mnemonic, a determinant of order 2 is thought to be the product of the main diagonal 

entries of A minus the product of the other diagonal entries.



For example, if matrix A is the 2 x 2 matrix

then det. A is

So

! = 5 ∗ 9 − −7 ∗ 2 = 45 − −14 = 59



The determinant of a 3 x 3 matrix is said to be a determinant of order 3.
Consider matrix A:

The determinant of

The Determinant of Order Three



We can calculate the determinant of order three as following by minores method:  



where the dashed lines indicate the row and column that are 
deleted. Thus,

Example:
Evaluate the determinant of



Solution: Since there are two zeros in the third column, we expand by cofactors of that column:

Example 2:
Evaluate the determinant of
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For example, if matrix A is the 2 x 2 matrix

then det A is:

So

|"| = (5 ∗ 9) − (−7 ∗ 2) = 59

The Determinant of Order Two



We can calculate the determinants by minors method:

Minor:

An element, aij, to the value of the determinant of order n − 1, obtained by 
deleting the row i and the column j in the matrix is called a minor.

Now, we select the element of (a22) which have value 5, by deleting its row and column will be:   

Minors method



We can calculate the determinant of order three as following:  

The Determinant of Order Three

- We can determine the sign of element by

(-1)i+j  

where i is the row of element and j is column 



We select the first row:

Example:
Evaluate the determinant of

A=
1 −2 5
−3 1 2
3 −4 −1

' = −1 )*)(1) 1 2
−4 −1 +(−1))*- (−2) −3 2

3 −1 +(−1))*.(5) −3 1
3 −4

' = 1 [(1 ∗ −1 − (2 ∗ −4) ] + −1 −2 [ −3 ∗ −1 − 2 ∗ 3 + 5 −3 ∗ −4 − (1 ∗ 3 ]

' = [(−1 + 8) + 2 3 − 6 + 5(12 − 3)]
'=7 − 6 − 45=46

(-1)i+j



Other method to calculate determinant

We can calculate the determinants by special  method,
this method can be apply by:

1- Repeat a first and second column beside the main determinant.
2- Then draw three lines along main diagonals with plus signs then three lines along 
second diagonals with  minus signs.
3- Multiply the elements of each diagonal each other.
4- Calculate the summation value of multiplications.
This value is the determinant.



! = ($11 ∗ $22 ∗ $33) + ($12 ∗ $23 ∗ $31) + ($13 ∗ $21 ∗ $32) − ($13 ∗ $22 ∗ $31) − ($11 ∗ $23 ∗ $32) − ($12 ∗ $21 ∗ $33)

Special method to calculate the value of determinant of order 3 



A=
1 −2 5
−3 1 2
3 −4 −1

Example:
Evaluate the determinant of

1 −2
−3 1
3 −4

' = (1 ∗ 1 ∗ (−1)) + (−2 ∗ 2 ∗ 3) + (5 ∗ −3 ∗ −4) − (5 ∗ 1 ∗ 3) − (1 ∗ 2 ∗ (−4)) − ((−2) ∗ (−3) ∗ (−1))

A= 46

A=
1 −2 5
−3 1 2
3 −4 −1

+++−−−



A=
6 5 0
−1 8 −7
−2 4 0

Find the value of following determinant 
Ex2: 

=
6 5 0
−1 8 −7
−2 4 0

6 5
−1 8
−2 4

A=0+70+0-0+168-0
A=-238



Properties of determinants:

A=
6 5 0
−1 8 −7
−2 4 0

At=
6 −1 −2
5 8 4
0 −7 0

At=(6*8*0)+(-1*4*0)+(-2*5*-7)-((-2*8*0)-(6*4*-7)-(-1*5*0)

:ةیلصلاا ةفوفصملا ددحملا يواسیةلودبملا ةفوفصملا ددحم-١

At=(0+0+70-0+168+0)
=238

6 −1
5 8
0 −7



: رفص يواست ددحملا ةمیق ناف رافصا دومع وا فص رصانع عیمج ناك اذا-٢

6 3
−1 −3
−2 4

A=
6 3 0
−1 −3 0
−2 4 0

A=0+0+0-0-0-0=0



: ددحملا ةراشإ ریغتت رخلاا لحم لك نادومع وا نافص لدبا اذا-٣

A=
6 5 0
−1 8 −7
−2 4 0

=238

A=
5 6 0
8 −1 −7
4 −2 0

5 6
8 −1
4 −2

A=(0-168+0)+(0-70-0)
A=-238



: رفص يواست ددحملا  ةمیق ناف نادومع وا نافص  رصانع تقباطت اذا-٤

A=
3 4 0
−1 2 −7
−1 2 −7

A=(-42+28+0)+(0+42-28)
A=0

3 4
−1 2
−1 2



:(A*x يواست ددحملا  ةمیق ناف  يواست دیدجلا ددحملا ةمیق ناف )x( لثم تباثب دومع وا فص  رصانع برض اذا-٥

A=
6 5 0
−1 8 −7
−2 4 0

= 238

X=2

A*X=238*2=476

2 دیدجلا تباثلاب ثلاثلا دومعلا برضن لاثم

A*2=
6 5 0
−1 8 −14
−2 4 0

6 5
−1 8
−2 4

A*X=0+140+0+0+336-0)=476



Next week

•The Determinant of Order four

 ءاغصلإل اركش
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 :ةیلصلاا ةفوفصملا ددحملا يواسی ةلودبملا ةفوفصملا ددحم-١

! =
6 5 0
−1 8 −7
−2 4 0

=238

6 −1
5 8
0 −7

!, =
6 −1 −2
5 8 4
0 −7 0

At=(6*8*0)+(-1*4*0)+(-2*5*-7)-(-2*8*0)-(6*4*-7)-(-1*5*0)
At=0+0+70-0+168-0= 238=A

! = !-



 :رفص يواست ددحملا ةمیق ناف رافصا دومع وا فص رصانع عیمج ناك اذا-٢

! =
4 2 0
−9 5 0
−6 −3 0

4 2
−9 5
−6 −3

A=0+0+0-0-0-0=0



 : ھتراشإ ریغت  عم اھسفن ىقبت ددحملا ةمیق نافرخلاا لحم لك نادومع وا نافص لدبا اذا-٣

! =
6 5 0
−1 8 −7
−2 4 0

=238

! =
0 5 6
−7 8 −1
0 4 −2

0 5
−7 8
0 4

A=0+0-168-0-0-70=-238

! =
−2 4 0
−1 8 −7
6 5 0

Home work

Ex:

 يناثلا فصلا لدبتسا مث هاندا ةفوفصملا ددحم بسحا
دیدجلا ددحملا بسحاو ثلاثلا فصلاب



 : رفص يواست ددحملا ةمیق ناف نادومع وا نافص رصانع تقباطت اذا-٤

6 5
−1 8
−1 8

& =
6 5 0
−1 8 −7
−1 8 −7

A=(-336+35+0)+(0+336-35)=0

& =
6 5 5
−1 8 8
−2 4 4

Home work



A*X :يواست ددحملا ةمیق ناف يواست دیدجلا ددحملا ةمیق نافX لثم تباثب دومع وا فص رصانع برض اذا-٥

! =
6 5 0
−1 8 −7
−2 4 0

=238

Let X is constant

X=4

A*X=238*4=952

! ∗ - =
6 20 0
−1 32 −7
−2 16 0

6 20
−1 32
−2 16

A*X=0+280+0-0+672-0=952

يناثلا دومعلا ىلعXتباثلا لخدن

ثلاثلا فصلا ىلع تباثلا لخدا

Home work

! =
2 5 −1
−1 4 −7
−2 −3 0

X=-3

Ex:



:ةتباث ىقبت دیدجلا ددحملا ةمیق ناف رخا دومع وا فص ىلا تفیضاو,X لثم تباثب دومع وا فص رصانع برض اذا-٦

! =
6 5 0
−1 8 −7
−2 4 0

=238

! =
6 17 0
−1 6 −7
−2 0 0

6 يف يناثلا دومعلا ىلا ھفیضنو(2) لولأا دومعلا برضن ,لاثم 17
−1 6
−2 0

A=0+238+0-0-0-0=238

 لولأا فصلا ھفیضنو3 يف ثلاثلا فصلا برضن

! =
0 17 0
−1 6 −7
−2 0 0

0 17
−1 6
−2 0

A=0+238+0-0-0-0=238



! =
6 5 0
−1 8 −7
−2 4 0

=238

! =
5 6 0
−1 8 −7
−2 4 0

5 6
−1 8
−2 4

A=0+84+0-0+140-0=224

! =
0 17 0
−1 6 −7
−2 0 0

0 17
−1 6
−2 0

ثلاثلا دومعلا ھفیضنو4 يف يناثلا دومعلا برضن

! =
0 17 68
−1 6 17
−2 0 0

A=0-578-0+816-0-0=238



Next week
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|A|=

!"" !"#
!#" !##

!"$ !"%
!#$ !#%!$" !$#

!%" !%#
!$$ !$%
!%$ !%%

& = !""
!## !#$ !#%
!$# !$$ !$%
!%# !%$ !%%

− !"#
!#" !#$ !#%
!$" !$$ !$%
!%" !%$ !%%

+ !$"
!#" !## !#%
!$# !$$ !$%
!%# !%$ !%%

− !%"
!#" !## !#$
!$" !$# !$$
!%" !%# !%$

We will use the same approach that we saw in the last lecture, where we expanded a 3×3 determinant.

Going down the first column or first row, we find the cofactors of each element and then multiply each 
element by its cofactor. 

But here we will use first column: 

To get the final answer, we expand out these 3×3 determinants, 
multiply then simplify. 

(-1)i+j(-1)i+j (-1)i+j (-1)i+j



The first step is to find the cofactors of each of the elements in the first column. We then multiply by 
the elements of the first row and assign plus and minus in the order:
plus, minus, plus, minus 

Ex1: 

|A|=

|A|=

By choosing first column

(-1)i+j



Now, we expand out each of those 3 × 3 cofactors using the method that we saw before: 

Home work:

Find the determinant of each minores by 
minores method and special method. 



Now, putting it all together, we have: 



|A|=
2 1
−2 0

4 −1
3 −1

0 3
3 2

−2 2
−1 0

عبارلا دومعلا راتخن لاثم

|A|= −1(-1)1+4
−2 0 3
0 3 −2
3 2 −1

-1
2 1 4
0 3 −2
3 2 −1

-2
2 1 4
−2 0 3
3 2 −1

+0

(-1)i+j

|A|= 
−2 0 3
0 3 −2
3 2 −1

−2 0
0 3
3 2

-1
2 1 4
0 3 −2
3 2 −1

2 1
0 3
3 2

-2
2 1 4
−2 0 3
3 2 −1

2 1
−2 0
3 2

+0

|A|=[(6+0+0)-(27+8+0)]-[(-6-6+0)-(36-8+0)]-2[(0+9-16)-(0+12+2)]
|A|=-29+40+42=53



|A|=
2 1
−2 0

4 −1
3 −1

0 3
3 2

−2 2
−1 0

يناثلا فصلا راتخن-١

 ثلاثلا دومعلا ىلا ھفیضنو )3( يف عبارلا دومعلا برضن-٢

|A|=
2 1
−2 0

1 −1
0 −1

0 3
3 2

4 2
−1 0

 لولاا دومعلا ىلا ھفیضنو )٢-( يف عبارلا دومعلا برضن-٣

|A|=
4 1
0 0

1 −1
0 −1

−4 3
3 2

4 2
−1 0

|A|=(-1)2+4X-1
4 1 1
−4 3 4
3 2 −1

4 1
−4 3
3 2

|A|=-1[(-12+12-8)-(9+32+4)]=-1[-8-45]=53

تاددحملا صاوخ لامعتساب يعابرلا ددحملا داجیإ ةقیرط



|A|=
2 1
−2 0

4 −1
3 −1

0 3
3 2

−2 2
−1 0

 يناثلا دومعلا راتخن-١

 ثلاثلا فصلا ىلا ھفیضنو )3-( يف لولأا فصلا برضن-٢

ىرخا لح ةقیرط

|A|=
2 1
−2 0

4 −1
3 −1

−6 0
3 2

−14 5
−1 0

 عبارلا فصلا ىلا ھفیضنو )٢-( يف لولأا فصلا برضن-٣

|A|=
2 1
−2 0

4 −1
3 −1

−6 0
−1 0

−14 5
−9 2

|A|=(-1)1+2X1
−2 3 −1
−6 −14 5
−1 −9 2

−2 3
−6 −14
−1 −9

|A|=-[(56-15-54)-(-14+90-36)]=-[-13-40)=53



Since there is only one element different from 0 on column 1, we apply the general formula using this 
column. The cofactors corresponding to the elements which are 0 don't need to be calculated because 
the product of them and these elements will be 0. 

Ex2: 



Next week

• Solving Systems of Linear 
Equations by matrices
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Cramer's rule is used to solve systems of linear equations. It applies to systems 
that meet the following conditions:

- The number of equations equals the number of unknowns.

- The determinant of the coefficient matrix is nonzero.

- So, for system of linear equations like these: 

!1# + !1% + !1& = (1… .…1
!2# + !2% + !2& = (2….…….2
!3# + !3% + !3& = (3…………3

a is constant
x, y and z are variables 



We can sort these equation to three matrices: 

A is the determinant of the coefficient matrix.

!"" !"# !$"
!#" !## !$#
!$" !$# !$$

x
&
'
(
=

*"
*#
*$

تافوفصم ثلاث ىلا ثلاثلا  تلاداعملا ةغایص متی
تباوثلا ةفوفصم-١
لیھاجملا ةفوفصم-٢

جتاونلا ةفوفصم-٣

X.       Y.         Z 



If the constant terms are 0, the system is homogeneous

The Associated Matrix is Square (m=n)

We calculate the determinant of the associated matrix. 

A



X=
A A

Y=

Z=
A



The Determinant of the Associated Matrix is not 0

Determinants are obtained by replacing the coefficients of the 2nd member (independent terms) in 
the 1st, 2nd, 3rd and the nth column, respectively.
The system solution is given by the following expressions:

! = #$
#

% = #&
#

' = #(
#



The matrix associated to the system is

Ex1:

2 3 −5
−3 2 1
4 −1 2

x
(
)
*
=

−7
−9
17

We will sort the tree equations to three matrices: 

A=
2 3 −5
−3 2 1
4 −1 2

.
2 3
−3 2
4 −1

We calculate the determinant of the matrix and we get 
A=(8+12−15)-(-40-2-18)=65



Ax=
−7 3 −5
−9 2 1
17 −1 2

,, Ay=
2 −7 −5
−3 −9 1
4 17 2

Az=
2 3 −7
−3 2 −9
4 −1 17

ةلاح لكل جتاونلا دومعب .x, y ,z دومع لدبتسن



The solution of the system is:



Ex2

4 5 −2
−2 3 −1
−1 −2 3

x
(
)
*
=

3
−3
−5

We will sort the tree equations to three matrices: 

4( + 5) − 2* = 3………….(1
−2( + 3) − * = −3………..(2
−( − 2) + 3* = −5…… . . (3



The matrix associated to the system is

We calculate the determinant of the matrix and we get:

A=36−8+5−6−8+30=49

! =
4 5 −2
−2 3 −1
−1 −2 3

)
4 5
−2 3
−1 −2



To calculate  Ax ,Ay and Az we will replace 

Ax

Ay

Az



The solution of the system is:

! = #$
# = 49

49 = 1

( = #)
# = −49

49 = −1

+ = #,
# = −98

49 = −2



2" − 4% = −1
−2% + 3" − * = 4
" − 2% + 3* = 6

0 2 −4
−1 3 −2
3 1 −2

x
*
"
%
=

−1
4
6

2" − 4% = −1
−* + 3" − 2% = 4
3* + " − 2% = 6

 تلاداعملا بیترت دیعن

A=
0 2 −4
−1 3 −2
3 1 −2

.
0 2
−1 3
3 1

=(0-12+4)-(-36+0+4)=-8-(-32)=24

Ax=
−1 2 −4
4 3 −2
6 1 −2

.
−1 2
4 3
6 1

=(6-24-16)-(-72+2-16)=-34+86=52

/ = 01
0 / = 52

24



Ay=
0 −1 −4
−1 4 −2
3 6 −2

(
0 −1
−1 4
3 6

=?

Az=
0 2 −1
−1 3 4
3 1 6

(
0 2
−1 3
3 1

=?

) = +,
+

- = +.
+

Ax=
−1 2 −4
4 3 −2
6 1 −2

(
−1 2
4 3
6 1

=(6-24-16)-(-72+2-16)=-34+86=52

/ = +0
+ / = 52

24



2" + 5 − 4' = −"
−2' + 3" − 2* = 4*
6 − 2' + 3" = 0

 تلاداعملا بیترت دیعن
3" − 4' = −5

3" − 6* − 2' = 0
3" − 2' = −6

3 0 −4
3 −6 −2
3 0 −2

x
"
*
'
=

−5
0
−6

A=
3 0 −4
3 −6 −2
3 0 −2

.
3 0
3 −6
3 0

=(36-0-0)-(72+0-0)=36-72=-36

y دومعب جتاونلا دومع لدبتسنy ةمیق باسحل

Ay=
3 −5 −4
3 0 −2
3 −6 −2

.
3 −5
3 0
3 −6

=(0+30+72)-(0+36+30)=102-66=36

* = /0
/ * = 36

−36 = −1



Home works: find the values of x,y and z for the three equations  

H. W 1

H.W2
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Inverse of matrices

To find the inverse of matrices (!"#), we should calculate that for each element of matrix by (adjoint matrix) 

!"#=%&'.(*)|*| ,"#=%&'.(%)|*|

,-. , = −123' |!24|
−123'

a-1 is the inverse of element



! =
2 −1 4
3 0 −2
5 −2 3

*
2 −1
3 0
5 −2

Fine the inverse of A:

A=(0+10-24)-(0+8-9)=-14+1=-13

1- +,- +.. = −1./. |!..| +,- +.. = −1./. 0 −2
−2 3

+,- +.. = 0 ∗ 3 − −2 ∗ −2 = −4

2- +,- +.2 = −1./2 |!.2| +,- +.2 = −1./2 3 −2
5 3

+,- +.2 = −19A=-1((9-(-10))=-1(19)=-19

Ex:  ! =
2 −1 4
3 0 −2
5 −2 3

+,- + = −14/5 |!46|



3- !"# !$% = −1$)% |+$%| !"# !$, = −1$)% 3 0
5 −2

!"# !$% = −6

4- !"# !,$ = −1,)$ −1 4
−2 3 =-5

7- !"# !%$ = −1%)$ −1 4
0 −2 =2

6- !"# !,% = −1,)% 2 −1
5 −2 =-1

5- !"# !,, = −1,), 2 4
5 3 =-14

8- !"# !%, = −1%), 2 4
3 −2 =14

9- !"# !%% = −1%)% 2 −1
3 0 =3

+ =
2 −1 4
3 0 −2
5 −2 3



!"#=
⁄% #& ⁄#' #& ⁄( #&
⁄) #& ⁄#% #& ⁄# #&
⁄* "#& ⁄#% "#& ⁄& "#&

A*A-1=I

2 −1 4
3 0 −2
5 −2 3

∗
⁄% #& ⁄#' #& ⁄( #&
⁄) #& ⁄#% #& ⁄# #&
⁄* "#& ⁄#% "#& ⁄& "#&

=
1 0 0
0 1 0
0 0 1



Next week

• Derivatives, Differentials

 ءاغصلإل اركش
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1-
!
!" # = 0

3-
!
!" #& = # !

!" & = #

4-
!
!" #&' = (#&')*

y=5,
!-
!" = 0Where c is a constant 

2-
!
!" & = 1 y=x, !-

!" = 1

y= &0, !-
!" = 3&2

3
3& 5& = 5

The Most Important Derivatives - Basic Formulas/Rules



5-
!
!" # ± % ± & ±⋯ = !)

!" ±
!*
!" ±

!+
!" ± ⋯

, = -. + 2- − 4, … 5,
5- = 4-6 + 2Ex1: 

6-
!
!" #% = # !*!" + %

!)
!"

Ex2:         y	=	3x2	+	√7x	+	1				… 
!>
!"= 6x + √7. 



7-
!
!"

#
$ = $('('))+#(

',
'))

$-

Ex- . = 8 − 1"-
2 … . !5

!" =0−
2∗(+8") 91"-∗:

12 = 1:"
12 .







1- y = 12x5 + 3x4 + 7x3 + x2 − 9x + 6

2- y = !"#$"#%

3- & = (5*3 + 6)(*/.1 − *)

Home work
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8 − # $ = &' , )
)* (&

' )= &' .,$

Ex3-

- = &2/

Sol.

)0
)* = &2/.2

Ex4-

- = &123*
sol-

,-
,/ = &123* . (−3)

For the natural exponential function:

Ex2-

- = &/
Sol.

)0
)* = &/.

Ex1-

- = &2
Sol.

)0
)* = &2.(0)=0



! = #$%, , , '('$ = #$%.2x

! = 1/#$%, , , '('$ = ((#$%.0)-1. #$%.2x)/ (#$%)2 = 2./#$%

Find the derffivtave of following function

Y= 2./#$%,,,'('$ = [ #$%. 2 − (2x. #$%.2x)]/ (#$%)2

3!
3. = 2.#$% − 4.2. (#$% ]/(#$%)2



the derivative of the natural logarithm function is.

9 − # $ = ln$, )
)* (ln$)=

,
-..$

Ex1-

/ = ln0

Sol.

)1
)* =

,
*

Ex2-

/ = ln02

Sol.

)1
)* =

,
*3 .20

Ex3-

/ = ln5*

Sol.

)1
)* =

,
67 . 5

*. 1 = 1



2.7

Y=2.7x

Sol.

!"
!# =

%
&'()* . 5

#.ln5.1=ln5/ln3

Ex2-

- = log35#

8 − 4 5 = 67 , !
!# (6

7 )= 67.1.:5

10 − 4 5 = =5, !
!# (=5)= =5. ln=. :5

Ln2.7=1

9 − 4 5 = ln5, !
!# (ln5)=

%
7.()@.A.:5

11 − 4 5 = log =5 , !
!# (log =5)=

%
B.CDE . :5



10 − $ % = '%, )
)* ('%)= '%. ln'. /%

Where a is constant

Ex3-

0 = 723
Sol.

)4
)* = 723 . ln7. 56

Ex4-

0 = 9(8*9:)
sol-

/0
/6 = 9(8*9:). <=9 . 3

Ex2-

0 = 2*@
Sol.

/0
/6 = 2*A. ln2.26

Ex1-

0 = 5*
Sol.

/0
/6 = 5*. ln5



11 − # $ = log )$ , +
+, (log )$)=

.
/.123 . 4$

Where a is constant

Ex1-

5 = log27

Sol.

+8
+, =

.
,.9:; . 1

Ex2-

5 = log572

Ex2-

5 = log3>,

Sol.

+8
+, =

.
?@9:A >

,. 1 = .
9:A

Sol.

+8
+, =

.
,B.9:C .27



! = 1/%('()*+
,)

./

.0 = %'()*+
,
. 2
3,.'45 . 5

0. 785



لبقملا عوبسلأا
 الله ءاش نا

 مكئاغصلإ اركش

Derivatives of the trig functions
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12-
!
!" sin	(() = cos	(()

Example 2:

																							- = sin2 (
Solution:

/-
/( = 2sin (. 123 ( ⋅ 1

2 ( .

Example 3:

																							- = (. sin(1 + (7)
Solution:

/-
/( = (. 123 1 + (7 . 2( + sin(1 + (7)

Example 1:

																							- = sin5(
Solution:

/-
/( = 51235(.



13-
!
!" (cos	(()) 	= −sin	(()

Example 1:    . = cos /"
Solution:

0.
0( = −sin 1( .

−1
(3 . 																							0.0( =

1
(3 . sin

1
(

Example 2:				
	. = sin3( + cos3(

Solution:

!6
!"	=3sin2( ⋅ 9:;( + 3cos2( ⋅ −;<=(

= 3sin2(9:;( − 3cos2(;<=(
= 3;<=(. 9:;((;<=( − 9:;().

Example 3:		
	. = 1/9:;=(

Solution:

= 9:;?@(
=−= 9:;( ?@?/ −;<=(

= =;<=(
9:;@A/( .



Example 1.
! = 2$%&'2

Solution.

(!
(' = 2)*+2'2. 2'

(!
(' = 4'. )*+2'2.	

14-
/
/0 tan ' = sec2 '

Example 3.

! = $%&' + 13 $%&
3'

Solution.

(!
(' = )*+2' + $%&2' ⋅ )*+2'

;<
;==sec2x(1+tan2x)

= 1 + tan2'
+A)2' .

1 + tan2' = sec2' = 1/cos2'

= 1 + tan2'
+A)2' =

1
cos2'
+A)2'(!

(' = 1/cos4' = sec4'.

Example 2.
! = $%&2'3

Solution.

(!
(' = 2$%&'3. )*+2'3. 3'

(!
(' = 6'. $%&'3. )*+2'3.	



u 15-
!
!" (cot	(()) = −csc2(()

Example 1.
. = (. 012(

Solution.

3.
3( = (. −0402( + 012(

3.
3( = −(. 0402( + 012(.	

Example 2.

. = tan (2 − cot
(
2

Solution.

3.
3( = sec2 (2 .

1
2 + csc

2 (
2 .
1
2

!:
!" =

;
< (sec2

"
< + csc2

"
<)



16-
!
!" sec & = sec & tan & 17-

!
!" (csc	(&)) = −csc	(&)cot	(&)

Example 1.
0 = sec	(&2 + 1)

Solution.

40
4& = sec &2 + 1 . tan &2 + 1 . 2&

40
4& = 2&. sec &2 + 1 . tan &2 + 1

Example 3.
																										0 = 6782	 "9 + 8682

"
9

Solution.

!:
!" = 2678 "9 . 678

"
9 ;<=

"
9 .

>
9 - 2868

"
9 . 868

"
9 . 8@;

"
9 .

>
9

!:
!" = 678 2("9) . ;<=(

"
9)- 8682(

"
9) . 8@;(

"
9)

Example 2.

0 = csc2	 2&
Solution.

40
4& = 2868 2

& . (−csc 2
& . cot	 2& . −2&9 )

40
4& =

4
&9 . 868

2 2
& . cot	 2&



لبقملا عوبسلأا
 الله ءاش نا

 مكئاغصلإ اركش
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18 − $ %&'()* = $*
1 − *,

- = (/ + %&'()/,),

$-
$/ = 2 / + %&'()/, . (1 + 2/

1 − /4
)

Ex1:

%&'()* ≠ 1
%&'*

Ex2:

- = %&'()67

Sol:

Sol:

$-
$/ =

67. 1
1 − 6,7

Ex3: - = ln(%&'() %6:/ ).

$-
$/ =

1
(%&'() %6:/ . %6:/. ;<'/

1 − %6:/ 2

- = 6=>?@A7B

$-
$/ = 6=>?@A7B. 2/

1 − /4

Ex4:



19 − $ %&'()* =
−$*

1 − *,

Ex1:

- = 3 %&'()50 2

23
24
= 6 %&'()50 . (7

)(,748
.

Ex2:

- = 9&:;('=>30. %&'()('=>0)

23
24
= )

(@AB;4.CD@EF @AB4 .GB;)
. ('=>30. (CD@4

)(@AB84
+ %&'()('=>0). %&'30. 3)

%&'()* ≠
1

%&'*



20 − $ %&'()* = $*
1 + *. 21 − $ /0%()* = −$*

1 + *.

%&'()* ≠ 1
%&'* /0%()* ≠ 1

/0%*

2 = 3
%&' − 132

$2
$3 =

%&'()32 − 3. 23
1 + 35

%&'()32 2

2 = %&'()3. 2

Ex1:

67
68 = 2(%&'()3.). .8):8;

Ex2:

2 = sin(/0%()?8)

$2
$3 = cos /0%()?8 . −?

8. 1
1 + ?.8

Ex3:



22 − # $%&'() =
#)

) )+ − 1
23 − # &$&'() =

−#)
) )+ − 1

$%&'() ≠
1

$%&)
&$&'() ≠

1
&$&)

/ = %010234

56
54
= %010234. '(

4 47'(

/ = 89:;. cos $%&'(;

56
54 = 89:;. (−sin $%&'(; . (

4 47'(
) + &E$ $%&'(; .$%&+;

Ex1:
Ex2:

/ = FEG+ {sec(&$&'(;+)}.

#/
#; =

sec(&$&'(;+). tan &$&'(;+

sec &$&'(;+ . F:2 .
−2;

;+ ;L − 1

Ex3: 



Next week

Partial derivetave

 ءاغصلإل اركش
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If a function is described by the equation ! = #(%) where the variable ! is on the left side, and the 
right side depends only on the independent variable %, then the function is said to be given explicitly. 
For example, the following functions are defined explicitly:

In many problems, however, the function can be defined in implicit form, that is by the 
equation

! = '()%, ! = %2 + 2% + 5, ! = .)/0'%.

2(%, !) = 0



! − #$%& = 0, ! − &2 − 2& − 5 = 0, ! − ,%-.#& = 0.

Of course, any explicit function can be written in an implicit form. So the above functions can 
be represented as

Example 1
Find the derivative of the function given by the equation 

!2 = 20&.           where p is a parameter. 

!2 1 = 20& 1,⇒ 2!!1 = 2! 3y3& = 20,⇒ !1 = 0/!, 6ℎ898 ! ≠ 0.

sol



Example 2.
Differentiate implicitly the function y(x) given by the equation 

! = cos(' + !).

+!
+' =

+
+' ,-. ' + ! ,⇒ +!

+' = − sin ' + ! ⋅ 1 + +!+' ,
+!
+' = −sin(' + !) − +!+' sin(' + !),⇒

+!
+' (1 + sin(' + !)) = −sin(' + !),

which results in

+!
+' = − sin(' + !)

1 + sin(' + !)



Example 3.

Calculate the derivative 

! = # − 2&'(#.

1 = +#
+! − (2&'(#)′,⇒ 1 = +#

+! − 212&# ⋅
+#
+! ,⇒

+#
+! =

1
1 − 212&#

Sol. 



Next week

• Integration 

 ءاغصلإل اركش
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